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THE PROJECTIVE APPROACH TO THE CLIFFORD SURFACE 
By LAURA E. CHRISTMAN, Chicago, IIl. 


1. Introduction. Euclidean space differs from the two non-Euclidean spaces 
(hyperbolic and elliptic) in that the metric relations of the former are developed 
with respect to a degenerate quadric (which as an envelope of planes is a conic, 
the space dual of a point cone), while the metric relations of the latter geometries 
are developed with respect to proper quadrics as the absolute, real in the case 
of hyperbolic geometry, imaginary in the case of elliptic geometry. 

Since both non-Euclidean and Euclidean figures may be translated into, or 
developed from, projective figures, “the projective approach to non-Euclidean 
geometry seems at once the most natural and the most elegant’”. Using this 
approach and taking figures of circles and spheres, concerning which much is 
known in Euclidean geometry, I have developed several interesting facts con- 
cerning the Clifford surface, facts which connect it with a particular Euclidean 
ellipsoid rather than with the Euclidean cylinder. 

I shall begin by developing one theorem of non-Euclidean plane geometry 
from its Euclidean equivalent. Consider the Euclidean theorem: 

The locus of intersection of two tangents to a circle, which meet at a constant 
angle, is a concentric circle. 

It will be remembered that Euclidean plane geometry presupposes, as an 
absolute, a degenerate conic which as a point locus is a line used twice, and as a 
line locus is two conjugate imaginary points; and that all circles pass through 
these two points called the J, J points. The homogeneous coordinates for these 
two points are (1, +7, 0). The following quotations from the Euclidean- 
projective dictionary which mathematicians have developed will apply to our 
theorem. 

Euclidean Projective 


The measure of an angle.? 1/27 log r, where r is the cross ratio of 
the pencil formed by the sides of the 
angle and the rays to J and J. 


Circle. Conic passing through J and J. 
Concentric circles. Conics having double contact at the 
points J and J. 


We then have the theorem in projective form as follows: 

The locus of the centre of a pencil of constant double ratio, formed by two variable 
tangents to a conic and lines to the extremities of a fixed chord is a second conic 
having double contact with the first at the extremities of the fixed chord.* 

Again we must refer to a dictionary, this time to translate the projective 
form into the non-Euclidean form. 


1R. M. Winger, Projective Geometry, p. 419. 
2 Quoted by Winger (p. 97) from E. Laguerre. 
3 Winger, p. 150. 
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Projective Non-Euclidean 
Lines intersecting on the absolute Parallel lines. 
conic. 
Lines tangent to the absolute conic. Isotropic lines. 
A conic having double contact with the A circle. 
absolute.! 
The chord of contact. The axis of the circle. 


The absolute pole of the chord of con- The centre of the circle. 
tact (i.e., the pole with respect to the 
absolute). 


Allow the first conic to become the non-Euclidean absolute and the theorem 
assumes this form: 

The locus of the centre of a pencil of constant double ratio, formed by two iso- 
tropic lines and two lines parallel to a given line, is a circle having the given line as 
axts. 

This can be restated thus: 

The locus of a point from which the two lines parallel to a given line have a con- 
stant angle of parallelism is a circle having the given line as axis. 

Allow the second conic to become the absolute and the theorem becomes: 

Every pair of parallel tangents to a circle and the two lines which are simultane- 
ously parallel to the axis and both tangents form a parallel pencil of constant cross 
ratio. 

The same machinery will develop non-Euclidean theorems of three dimen- 
sions. For example, consider the Euclidean theorem: 

If two concentric spheres S,; and Sz meet a quadric Q, and one of them, Sy, is 
tangent to the quadric along a circle, then the other will intersect the quadric along 
two plane sections or circles. 

The following equivalents from the Euclidean-projective dictionary will 
apply. 

Euclidean Projective 
The infinitely distant plane. A plane possessed of only ordinary 
projective properties, but designated 
by the symbol P,,. 
The absolute conic on the infinitely An ordinary conic designated by A on 


distant plane. the plane P,,. 
All spheres. All quadrics which pass through A. 
Concentric spheres. Quadrics tangent to one another along 


the plane section A. 
The projective form of the theorem is then: 
» Af two quadrics Q and S are each tangent along a conic to a third quadric Si, 
they will intersect in two conics.* 


1 Proved in Winger’s book, pp. 405-409 and p. 262. 
2 Proved in Salmon’s Geometry of Three Dimensions, Edition of 1912, p. 103. 
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To this form of the theorem apply the single fact from the projective non- 
Euclidean dictionary, that a quadric tangent to the absolute along a plane curve 
is a sphere, and allow S; to be used as the absolute; then we have this interesting 
non-Euclidean form for the theorem: Two spheres intersect in two circles. 

2. Development of a Clifford Surface in Elliptic Geometry from a Certain Euclid- 
ean Figure. For the Clifford surface problem we will turn to figures 1 and 2 which 
illustrate a certain figure in Euclidean and projective space. 


Fic. 1 


In Figure 1 there is given sphere S, centre C, and diameter L, and the abso- 
lute conic A. x is any one plane section of the sphere, perpendicular to L. In the 
plane of this section, assume tangents to x meeting at a constant angle which 
is equal to B, and also the infinitely distant line Z,, on which are the circular 
points J and J. Then the locus of B is a circle concentric to x. 


L 


Fic. 2 


Now (Fig. 2) project the sphere S into the quadric S through the fixed conic 
A, and let the same lettering denote throughout projectively corresponding 
parts. Then the pencil of lines at B used in measuring the size of angle B in the 
Euclidean figure will project into a pencil of lines at B, in the projective figure, 
of constant cross ratio, two lines tangent to x and two lines to J and J respec- 
tively, and the projective locus of B in the plane of x will become a conic of 


A 
L 
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\ 
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7 
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double contact with x at the points J and J. (In fact the whole figure in the 
plane of x is precisely the figure dealt with in the introduction in the circle 
theorem.) The diameter L of the sphere S is still (after the projection) a line 
conjugate to the line of J and J (L..) with respect to S. 

In the projective figure, let S be isolated as the non-Euclidean absolute 
(elliptic case). Let JJ be a real line intersecting this imaginary elliptic absolute 
in conjugate imaginary points. Then the two lines from B, a real point, tangent 
to x(a section of the absolute) become isotropic lines from B. The two lines 
from B to J and J become two parallels to JJ or L.., which are imaginary, having 
a constant angle at B. (Since the cross ratio of the sides and the isotropic lines 
is constant.) The locus of B becomes a real circle with axis L, and centre the 
absolute pole of L.. So the centre of the original circular section (x) of the 
Euclidean sphere (pole of JJ) goes into the centre of the new non-Euclidean 
circle locus of B.. 

Revert again to the Euclidean figure and let the plane of angle B and circle 
x move continuously parallel to itself; i.e., revolve around the chord JJ or Ly. 
As long as it makes a cross section of S it will project into a non-Euclidean circle 
just as in the plane of section x first considered. This circle will always have IJ 
as its axis and the absolute pole of JJ in its own plane (which, as the plane 
moves, traces the line L) as its centre. Therefore this surface, which in Euclidean 
geometry is an oblate spheroid, projects into a non-Euclidean surface, with the 
points (around each section through JJ) equidistant from JJ, and with the 
absolute pole of JJ in that plane, as centre. 

Now the question is: Are the distances of point B, from axis and the centre 
of the circle in one cross section respectively equal to the corresponding distances 
of point B in another cross section? In Figure 3(a) let lines BC and B’C’ be con- 
jugates of L with respect to the absolute, since LZ is perpendicular both to BC 
and B’C’ in the Euclidean figure. So our problem reduces to the question in cross 
ratios: Is (Bc |ba) = (B’c’ |b’a’)? In Figure 3, (b) and (c), suppose we have the two 
Euclidean circles of which BC and B’C’ respectively are the radii. Since angle 
6=angle 6’, the two figures are similar, and therefore not only cross ratios but 
ratios are equal. 

Therefore every non-Euclidean circle with axis JJ, on which point B may 
lie, as the plane of x revolves around JJ, has the same radius. Therefore this 
surface, generated by x as the plane of x revolves around JJ, is the locus of 
points in space equidistant from JJ and equidistant from L. But since there are 
paratactic lines to JJ (or lines in space equidistant from JJ) they must lie on 
this surface. Therefore they are its generators and this surface is a Clifford 
surface. Perhaps the construction of this surface, projectively, may be most con- 
cisely restated in the form of two theorems or statements, each expressed in 

, three equivalent forms: 

I. Euclidean. If through a sphere is passed a plane, the locus of the inter- 
section of two lines in the plane tangent to the section which meet at a constant 
angle is a circle concentric to the plane section. 
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Projective. If through a quadric is passed a plane, the locus of the centre of a 
pencil of constant cross ratio, formed by the tangents to the section, and two 
lines to two fixed points on the section, is a second conic tangent to the section 
at the two fixed points. 

Non-Euclidean. The locus of the real intersection of two conjugate imaginary 
lines in a plane parallel, in opposite senses, to a real line of the plane, which meet 
at a constant angle of parallelism, is a circle having the given line as axis and its 
absolute pole, in that plane, as centre. 


(b) (c) 
Fic. 3 

II. Euclidean. If the plane is moved parallel to itself, the locus of the inter- 
section of tangents which meet at a constant angle (described in I above) is the 
plane’s intersection with an oblate spheroid. 

Projective. If the plane is moved in the various positions of a pencil of planes, 
whose axis is the given line, the locus is the locus generated by the conic of the 
above theorem, a surface tangent to the “absolute” at the points J and J and 
at the extremities of L. 

Non-Euclidean. The locus in space of the vertex of two conjugate imaginary 
lines parallel in opposite senses to a given real line, which meet at a constant 
angle of parallelism, is a surface equidistant from the given line; and also from 
its absolute polar, a surface whose cross section through either axis is a circle 
or equidistant curve. 


i 
J 
(a) 
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3. Facts Concerning the Clifford Surface Deducible from the Euclidean 
Figure. The last theorem may be restated to furnish our first fact: 

The Clifford surface is not only the locus of real right and left paratactic lines at 
a given distance from either axis, but also the locus of real meeting points of conju- 
gate imaginary lines parallel right and left to the axis and coplanar with it. 

I am here defining paratactic lines to be lines at a constant distance one from 
the other and skew to one another, parallel lines to be lines meeting one another 
on the absolute (and therefore in the same plane). Of course the space is 
elliptic. 

Again from the Euclidean figure we can say: 

The Clifford surface meets each of its axes in conjugate imaginary points of the 
absolute. 

Reverting to the Euclidean figure, we can write these equations for it. 

Let the equation of the sphere be x?+y?+2?=7". 

Then we find the equation of the Euclidean equivalent of the Clifford surface 
which I shall call C.S. 


Fic. 4 


Consider the diametric section of the sphere perpendicular to L. From the 
equation of the sphere the length of the radius of the co-planar section of the 
C.S. is r+some quantity which we may call a. See Fig. 4 for a cross section of 
all these sections of the sphere and C.S. 

Since we have proved the ratio of r and r+a constant whether the section 
is the original diametric section perpendicular to L or an ordinary plane section 
parallel to the diametric plane, if we call the radius of any other parallel section 
r’ and the additional length necessary to give us a radius of C.S., a’ we have: 

But in the sphere 
= 7? — 


Therefore in the plane z=2’ the equation of the section of C.S. is 
x? + y? = +0’)? = + a'r]? = (7? — 2) {1 + ar}, 
Hence the general equation of C.S. is 
a? + y? = (r? — {1 + 


| 
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Let 1+ar'=R and the equation of C.S. becomes 

+ * «1 ~ 
while the equation of the sphere is 

+ = 1 — 

Therefore the imaginary generators of the C.S. are represented by 
(A) — = — yr Ro); 1 + yr RO = + iar) 
and 
(B) — iar! = + yr 1 — yr Ro! = + ise); 


and the imaginary generators of the sphere S by 


(CC) xr — ier = — yr); 1+ yr! = + izr); 
and 
(D) — ier! = (1 + yr); 1 — = 9! (xr + ir). 


Now we ask: Is it possible to choose & and &’ so that the lines A and C are 
identical? If so, then a \ can be found so that for those values of & and &’ 


xr — + Eyr Ro! — + A(Exr + — — 1) = 0 
is the same equation as 
— + — = 0. 


By equating ratios of corresponding coefficients in the two equations, we find 
that 


= +i, and X= (R—1)1(R 41)". 


Therefore with these values the first plane of C passes through the line A. 
Using §=£’ = +7 we find that for \=(1+R)z-'(R+1) the second plane of C 
also passes through the line A. Hence the lines A and C are identical when 
+7. 

In the same way it can be developed that the lines B and D are identical 
when = +17. 

Therefore the sphere and C.S. have two generators of each system in common. 

Klein? states that the Clifford surface has in common with the absolute a tangent 
tetrahedron. This fact is also evident in the Euclidean equivalent. Refer again to 
Figure 1. Since the ellipsoid C.S. has circular sections if planes are passed 
parallel to plane x, and since these sections are concentric with the coplanar 
sections of S, each section of C.S. is tangent to the coplanar section of S at 
points J and J. Therefore C.S. is tangent to S at points J and J. From the left- 


1 Sommerville, Non-Euclidean Geometry, p. 113, proves the fact synthetically. 
2 Klein, Vorlesungen iiber Nicht Euklidische Geometrie (1928), p. 241. 
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hand portion of the figure, C.S. is evidently tangent to S at points J’ and J’. 
Therefore if these four points are taken as the vertices of a tetrahedron, C.S. 
has in common with S a tangent tetrahedron composed of planes through 
points I’JJJ’. For consider planes J’JJ and J’IJ. They are parallel to section 
x through J’ and J’. Therefore they are tangent both to C.S. aud S, one at I’ 
and one at J’. Consider planes J’JJ’ and I'IJ’. They are tangent to C.S. and S 
at points J and J. Therefore we have in the Euclidean equivalent of the Clifford 
surface a tangent tetrahedron which is also a tangent tetrahedron to the 
Euclidean equivalent of the absolute. 


ON THE EXPANSION OF A CERTAIN TYPE 
OF DETERMINANT 


By DONALD L. McDONOUGH 


1. In a well known textbook in the theory of invariants! the following theo- 
rem appears: 
“Tf diz, where 1 Sir, are r distinct (binary) linear forms, and A; are binary 
r 


forms of orders a;, where ).a;=n—r+1, then any binary form f of order ncan be 
expressed in the form — 
(1) f= 
i=1 
and the expression 1s unique.” 

It is understood that the linear forms a;, are given and the binary forms A; 
are to be determined. 

Upon equating coefficients of like products of powers of the variables in the 
expanded form of (1), +1 linear non-homogeneous equations arise in the 
coefficients of the binary forms A; which are to be regarded as unknowns. The 
determinant of the coefficients of these unknowns has a peculiar form. It has 
been thought that this determinant could be expanded as a numerical multiple 
of a product of powers of the differences of the roots of the linear forms. It seems, 
however, that this has never been proved. 

It is the desire of the writer to prove: 

Theorem I. Any determinant that arises in this way can be expressed as a 
numerical multiple of a product of powers of the resultants of the linear forms taken 
by pairs. 

Theorem II. Any such determinant is different from zero, and the numerical 
multiplier can be expressed in terms of binomial coefficients. 

The truth of both of these theorems is immediately evident in the case where 
r=2. In this case the determinant in question is merely the resultant of the two 


10. E. Glenn’s The Theory of Invariants, page 120. For a discussion of a somewhat similar 
problem for r=2 see a paper by the same author, The Symbolical Theory of Finite Expansions, 
Transactions of the American Mathematical Society, vol. 15 (1914), especially pp. 80-82. 
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forms +4 where aita:=n+1. Consequently this determinant is 
equal to (@11@22— 21412) Since the linear forms are distinct, this cannot 
be zero. 

2. For the sake of convenience in notation let the 7 linear forms be repre- 
sented in the form x,+a;x2, and set n—a;=n;, and a;+1=n;. Let 


A; = 


k=1 
(1) will then take the form 


EEE at ay 


The general form of the determinant that arises when we interchange rows and 
columns is now 


2 
1 node (*) - 0 
0 1 n2a2 0 


It will be noted that in each row the numerical coefficients are the binomial 


i 

2 

i a 

4 

=; 

} 

) 
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coefficients that occur in the expansion of (x1:+a;x2)". Consider the rows in- 
volving any particular a;. It will be noted that in the jth of these rows the first 
non-zero element appears in the jth column, where 1 $j <j, and n; is the num- 
ber of rows in a;. The order of the determinant is 


n+1= 


i=1 
It can be considered as the eliminant of the n-+1 forms 
(4) + aire)", 


where 1 S77, \ takes on all values from n;—1 to 0 inclusive for each value of 
and n;+n:-1=n. 

3. We shall now prove: 

Lemma 1. The determinant (3) is a homogeneous polynomial in the quantities 
a,(isisr). 

In considering the rows involving any particular a; it will be observed that 
the element in the jth of these rows and the 7;“” th column of the determinant, 
where 7; >j, involves a; to the (7; —7)th power. The degree of any term of the 
expansion of (3) in a; is therefore 


j=1 


(5) — + 1) 


j=1 


and the total degree of the term is 


(6) Les f) = + + 2) — Vans + 

i=l jul fant 

Since this expression depends only upon the order of the determinant and the 
number of rows in each quantity a;, the lemma is proved. 

Lemma 2. Any minor of (3) of order of n; involving only one of the quantities 
a;, ts homogeneous in that quantity. 

As may be seen from (5), the degree of any term of such a minor is dependent 
only upon the number of columns of (3) represented in the minor and on the 
value of n;. The truth of the lemma is therefore obvious. 

4. Instead of considering the forms (4), we shall consider the equivalent set 
of Yon; forms that result when for each particular value of 7 we multiply the 

i=l 
jith and following forms involving a; respectively by the terms of (1+ a,;)"7~% 
and add, where j; ranges from 1 to n;. The resulting forms are 


(7) + where OS ki Sm; — 1. 


; 
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The eliminant of these forms is 


n n 


n 


This determinant is equal to (3), since it is merely the result of adding to 
each row of (3) certain multiples of the rows following it that contain the same 
ay. 
Replacing by y, where OS and in the expanded form 


of (7), we have a system of n+1=)-n, linear forms in as many variables: 
i=1 


(n—k\ 
i=0 J 


where 0 Sir, and 0<k;<n;—1 for each value of 7. 


= 
n—1 
1 2 
m1 
n 
1 
1 
n—1 
0 0 0 | 1 ( dg * 
1 
n n 
1 2 
n—1 
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If the forms (7) are subjected to the transformation 
the resulting forms will be 

*i[xf + (a; — 
where 0<k;Sn,;—1. Hence 


= (xf — = +( 


k=0 


Let x;—*x,/*t#=y’,,,. The transformation induced on the y,’’s by (10) is 


(11) 
k=0 k 
where 0Sy Sn, and \+y=n. This is a transformation of determinant unity. 
The transformation (11) reduces the forms (9) to the forms y,’ for 1SjSm, 


and 

— 
where 1 <7Srand 0<k;<n;—1 for the remaining forms. The eliminant of these 
forms is equal to the eliminant of the forms (9) as a consequence of the following 
well known theorem: 


“Tf a system of n linear forms in n variables with matrix a is subjected to a linear 

transformation with matrix c, the resulting system has as its matrix ac.” 
r 
This eliminant is obviously equal to its }>;-rowed minor that lies in the 
i=2 

lower right hand corner. If this minor be expanded according to its n; rows 
involving (a;—4a;), it is evident from (5) that each of the terms in this expansion 
will be divisible by a;—a, raised to the power 


Fin, + j) 3ni(n; + 1) = 


j=1 


If we replace a; in the transformation (11) by the other a,’s in turn, it is evi- 
dent that the resulting eliminant, and hence the eliminant of the forms (9), is 
divisible by (a;—a,;)""i, and hence by 


The degree of any term of this product is 


r—1 r 


jei+l 


4 
t 
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But from (6) the degree of any term of the expansion of the determinant (3) is 


i=1 i=l i=1 


i=l j=1 


r r 


=} Linn; — Dn? = 


i=1 j=1 i=1 t=1 j=i+1 


and is thus the same as that of the product referred to above. Hence (3) is equal 
to 


t=1 j=i+1 


where k is a numerical multiplier to be determined in the next section. This com- 
pletes the proof of Theorem I. 


5. It remains to prove Theorem II, i.e. to determine & in (12). This can be 
done by comparing a particular term of (12) with the corresponding term of the 
determinant (8), which has been shown to be equal to (3). The proofs of Lemmas 
1 and 2 hold true mutatis mutandis for (8). 


We shall designate the ,-rowed minors in a; that lie along the leading diago- 


nal of (8) by M;, where 1 Si<r; the >-n;-rowed minors in the upper left hand 
j=1 
corner of (8) by D;. D, is evidently the determinant itself. All the terms of the 
expansion of M, are of the same degree in a; by Lemma 2. M; is a unique minor 
of D; of maximum degree in a; by (5). Now all the terms of (8) of maximum de- 
gree in a, arise as the product of M, by D,_;. Of these terms, those that involve 
a,, to a maximum degree arise as the product @,M,_,D,_2. Of these terms, 
those that involve a,_, to a maximum degree arise as the product M,M,1M,_2 


D,_3. Continuing this process we see that IIuv ;i8 a unique term in the expansion 
of (8) of which the coefficient is k. oo 


6. In order to find & it is merely necessary to find the values of the determi- 
nants that result when in the minors M; we omit the quantities a;. For conveni- 
ence we shall now assume that, if necessary, the rows in (8) have been so per- 
muted that each n;2n;4;. These determinants are: 


| 

: 

= 

. 
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n n n 
i—1 ‘—1 i-1 
+1 +0; — 1 
j=1 j=1 j=1 
n—1 n—1 n—1 
i—1 i-1 
— 1 in; don; + — 2 
(13) j=1 j=1 j=1 
n—-n +1 n—n, +1 n—-n,+1 
din; + 1 yin; 2 don; 
j=1 j=1 j=1 


where 1 <7Sr. 

If the last row of (13) is brought into the first place, the next to the last row 
into the second place, etc., and then the last column is brought into the first 
place, the next to the last into the second place, etc., (13) is unchanged since 
there are as many interchanges of rows as of columns. If we now bear in mind 


that 
we find that 
+1 n—-n;+1 
i-1 i 
yn; n— >on;+1 


If similar changes are made in all of the elements, the determinant becomes 


n—-n +1 n—-n;, +1 +1 
n— din; +1 n— >on; +2 n— don; 
j=1 j=l j=l 
n—n;+2 n—n;+2 n—n;+2 
i i—1 
n— >in; +1 n— >in; +2 n— >on; 
(14) j=1 j=1 j=1 
n n n 
i 
n— >on; +1 n— >on; +2 n— DN; 
j=l j=1 j=1 


j=1 
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The values of these determinants that result from M, and M, aree vidently 
1. In general, (14) is a determinant of a type already discussed.' It has been 


shown that 
m m m 
(*) 
m+ 1 m+1 m+1 
( p ) 
m+r m+r m+r 
m+r m+tr-1 m+r—pt+1 


r+1 r+1 


Hence (14) is equal to 
n 
nN; Nn; 


i-1 nN; 
n— >on; n— >on;-1 ( ) 


j=l j=l 


Nn; Nn; 


and the numerical coefficient, k, referred to at the end of the preceding para- 


graph is 
n 
r=} nN; nN; nN; 


+1 
dn; n— >on;-1 


j=l j=1 


nN; Nn; 


And this is the value of & in (12). 

7. We shall now determine the invariant factors of the matrix (4), and asa 
corollary find the rank of the system of equations (1) for the case where two of 
the a,’s are equal. 

We shall refer to the eliminant of-the forms that result when the transforma- 
tion (11) is applied to the forms (9) as (8’). It has been pointed out that (8) 


1 E, Pascal in Die Determinanten, pages 133, 134. 
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is obtained from (4) by elementary transformations, and that the determinant 
of the transformation (11) is independent of the a,’s. Hence the greatest com- 
mon divisor of all minors of a given order in (4) is the same as in (8’). It is de- 
sired to choose a minor of given order in (8’) that contains the lowest power of 
a2— (There is no real loss in generality in dealing with 4, instead of a;—a;. 
It will again be convenient so to arrange the quantities that m, shall be greater 
than or equal to np.) It is evident from Laplace’s development in terms of minors 
from the first rows that any minor of (8’) that is not equal to zero that contains 
certain of the first 7: rows must contain the columns with the same numbers. If 
any minor does not contain any rows involving powers of a;—a; it cannot be 
divisible by a2—ai, since none of the other rows involves a2. From Laplace’s 
development of a minor of (8’) in terms of minors from the rows involving d2—a, 
it follows that the minors will be of minimum degree in a2—a, when the number 
of rows in d2—4; is as small as possible. 

Consider a determinant of order n—1+1 of the matrix which results when 
in (8’) / of the rows in a2—a; are omitted (/Sm2). Each of these determinants is 
equal to its (n—m,—/+1)-rowed minor in the lower right hand corner as fol- 
lows from Laplace’s development. For the m-rowed minor in the upper left 
hand corner has the value 1, and all the other m,-rowed minors from the first 
rows are zero. Now expand this minor in terms of minors of order n2—/ from 
the m:—/ rows involving a2—a,;. Any minor chosen entirely from rows containing 
powers of a2—4a, will, when expanded be a homogeneous function of ag—a;. This 
can be seen from arguments essentially the same as those used in the proof of 
Lemma 2. The degree of any element in this minor will be N;— M;, where N; is 
the number of the column of (8’) from which the element is taken and M; is the 
number of the row in dg—a;. 2N;— 2M; is thus the degree of any termin the ex- 
pansion of this minor. To make the minor of minimum degree we must take the 
N’s as small as possible and the M’s as large as possible. 


Theorem III. Every minor of order n—1+1 is divisible by (az—a1)(™-~9(™-, 
and there ts no higher power of az—a, that divides all such minors. 

We now wish to show that there is a minor of minimum degree in a2—a; and 
of order n—/+1 that is different from zero (if the a,’s are all distinct) and that is 
divisible by exactly the power specified in the theorem. To obtain this minor we 
omit rows numbered +1, m+2,°°°m+/, and the columns numbered 
my+n2—1+1, °° * , As was pointed out above, this minor 
is equal to its (n—m,—1+1)-rowed minor in the lower right hand corner. In the 
latter, which we shall refer to as (8’’), it will be noted that the (n,—/)-rowed 
minor in the upper left hand corner is the minor of minimum degree in a2—a 
described above, and its complementary minor of order (n—,—n2+1) in the 
lower right hand corner is the corresponding minor of (8’). Expand (8’’) accord- 
ng to Laplace’s Development in terms of the (m:—/)-rowed minors from the 
first (n2—1) rows. Each of these minors is homogeneous in a2—qa;. The term of 
this sum that involves the leading (m_.—/)-rowed minor involves a2—a, to a lower 
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power than any other term provided it is not identically zero. Since this term 
involves d;—4a, to the power 


+) (2m, + mz —1+ 1) 
Ny — 1 
(m2 +1+ 1) = (mz — J, 


the expansion is divisible by (a2—a,)™7—™-, The argument given in paragraph 
5 shows that the complementary minor of this leading minor is not identically 
zero. The leading minor itself is not zero, for the determinant of the numerical 
coefficients is a determinant of the type discussed in paragraph 6. 

If we now replace a,—a, by a;—a; and allow 7 and j to take on all possible 
values from 1 to r inclusive, it is evident that if the product is taken over pairs 
of values 7, j, (j>7) for which n;>1, n;>1, the highest common factor of all 
determinants of order n —/+1 of the matrix (3) is 


k II II (a; 
i 7 


where & is a numerical constant. From this result the invariant factors and the 
elementary divisors can readily be determined. 

Corollary: The rank of the system of equations (1) for the case where two of the 
a;’s are equal isn+1—min(nij, nj). 

For suppose that two of the a,’s are alike, in particular, that a:=das. It is 
evident from the preceding results that any minor of (3) will contain (a2—4a;) as 
a factor, and hence vanish if 1 <m2.<m. If 1=n2 there is a minor of order n—/ +1, 
selected in the manner described in the proof of the preceding theorem, that 
involves d2—a, to the zeroth power, and does not vanish. Hence, in general if 
two of the a;’s are alike, and all the other a,’s are different from each other and 
from these two, the rank of (3) is reduced by the lower of the two corresponding 
n,’s. 

It is evident from (8) that, if two of the a,’s are equal, its rank is reduced by 
at least this much, since there are then exactly that number of pairs of rows that 
are identical. An extension may obviously be made to the more general case in 
which there are a larger number of equalities connecting the a;,’s. Here, after 
striking out from (8) all but one row in each set of identical rows, the rank of the 
resulting matrix may be shown to be equal to the number of rows that it con- 
tains by a method similar to that employed above. 
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EARLY LITERARY EVIDENCE OF THE USE OF 
THE ZERO IN INDIA! 


By BIBHUTIBHUSAN DATTA, University of Calcutta 


In a previous article in this Monthly,” the writer collected from the earlier 
literature of the Hindus certain passages proving the existence of the zero as a 
distinct symbol and its use as a numeral.’ Those evidence were mostly from the 
Paicasiddhaéntika (505 a.p.) of Varahamihira and works anterior to it. In this 
second article we propose to collect similar evidence from the posterior Hindu 
works. 

To the earlier period also belongs the Bakhshali Manuscript.‘ It contains 
epigraphical as well as literary evidence of the use of the modern decimal place 
value numerals. For example, 

become [80 [25 |. On leaving out (the denominators) of 
result 120 |90 |80|75|72|. The s sum of these being taken, becomes 437 . 


| Multiplied become . The square of forty different is 


\1600. On subtracting this from the number above, the remainder is |fi1i2" |- 
On removal of the common factor, becomes |60 |.”6 
There are innumerable passages of this kind in the work. It will be noticed that 
in each of these instances, without the figures, the sentences would be gram- 
matically incomplete and the whole composition incoherent. So the figures 
must have been put there at the time of the original composition of the text, 
and can not be suspected of being later interpolations For an explicit reference. 
to the zero and an operation with it, we take the following instance: 
|? \3 Adding unity to the zero 1 |3 

This will dispel the doubts of even those critics who, while admitting the figures 
to be authentic, would still doubt whether they were originally given in this 
form. The Bakhshili treatise on mathematics was written in the early centuries 

of the Christian era.* Hence the decimal place value numerals with the zero 
- must have been well known to the Hindu scholars of the time. 

One of the earliest known writers of the second period to bear witness to the use 

of zero, is a contemporary of Varahamihira, Jinabhadra Gani by name. He lived 


1 This is the writer’s second article with this title. The first was published in this Monthly, vol. 
33 (1926), pp. 449-454. 

Loc. cit. 

3 The writer is gratified to see that his paper inspired the distinguished German savant, Pro- 
fessor Julius Ruska, to collect similar evidence from the Arabic literature (Zahl und Null bet Jabir 
ibn Haiyan, Archiv f. Ges. Math. Natur. Tech., Bd. ii, pp. 256-264). Jabir wrote about 770 A.D. 

4 The Bakshali Manuscript—Parts I & II, ed. G. R. Kaye, Calcutta, 1927. 

5 [bid., folio 1, verso. Portions in italics in this passage have been restored. 

6 Tbid., folio 56, verso. 

Lbid., folio 22, verso. 

8 Bibhutibhusan Datta, The Bakhshali Mathematics, Bull. Cal. Math. Soc., vol. 21 (1929), pp. 
1-60; R. Hoernle, The Bakhshali Manuscript, Ind. Ant., vol. 17, pp. 33ff, 275ff. [But c.f. the Kaye 
ed. Editor.] 


| 
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in 529-589 a.p. While mentioning large numbers with several zeros, Jinabhadra 
Gani often enumerates, obviously for abridgement, the number of zeros con- 
tained. For instance 224400000000 is mentioned as “twenty-two, forty-four, 
eight zeros ;! 3200400000000 as “thirty-two, two zeros, four, eight zeros.”*? There 
are several instances of this kind in his work.’ In certain calculations relating 
to the mensuration of the northern Bharatavarsa, which is of the form of a 
segment of a circle bounded by two parallel chords, it is necessary to extract 
the square root of 58545048750. Now 


407150 40715 
V 58545048750 = 241960——— = 241960 - 
483920 48392 


This result has been described by Jinabhadra Gani thus: “Two hundred thou- 
sand forty-one thousand nine hundred and sixty, removing the zero, the numera- 
tor is four-zero-seven-one-five, and the denominator four-eight-three-nine-two.”! 
It should be noted that the term apavartana (“removal”) means in Hindu mathe- 
matics what is called in modern mathematics, the reduction of a fraction to 
lowest terms by removing the common factors from the numerator and the 
denominator. Hence the zero of Jinabhadra Gani is certainly not a mere concept 
of nothingness but is a specific symbol. 

Another contemporary mathematician, the elder Bhaskara (not the one 
living in the 12th century), refers like Varahamihira, to the subtraction of zero.5 
This writer should not be confused with his celebrated namesake, the author of 
the Siddhdnta-siromani (1150). The former, on his own admission, is a direct 
disciple of Aryabhata (born 476). We also learn from Prthudakasvami® (860) 
that he was anterior to Brahmagupta (b. 598). So the elder Bhaskara must 
belong to the sixth century of the Christian era.’ 

Here are two typical extracts from the commentary of Siddhasena Gani on 
the gloss of Umasvati on his 

“The number of yojaya in the circumference multiplied by twenty-five 
thousand becomes this 7905675000. Three gavyuti (in the circumference) multi- 
plied by twenty-five thousand becomes this 75000. The number of gavyuti are 


1 Brhat Ksetra-samdsa of Jinabhadra Gani, edited with the commentary of Malayagiri, Bom- 
bay, i. 69. 


i. 71. 
3 Jbid., i. 90, 97, 102, 108, 113, 119, etc. 
4 Ibid., i. 83. 


5 Mahabhaskariya, i. 34. This work is still unpublished. Mss. of it and of the other work of 
the same author Laghubhdskariya are found in the Government Oriental Mss. Library, Madras. 
The present writer has transcripts of these two works. 

8 Brahma-sphu ta-siddhdnta, xi. 26 (com). 

7 See the writer’s article, “The Two Bhaskaras,” in the Indian Historical Quarterly, vol. 6 
(1930), pp. 727-736. 

8 Tattvdrthadhigama-sitra of Umasvati, with his own gloss, elucidated by Siddhasena Gani, 
edited by H. R. Kapadia, Bombay, 1926, iii. 11 (com). 
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to be changed to yojana, hence on dividing by four, the quotient is 18750. 
These are the yojanas. The number of dhanu being also multiplied by twenty- 
five thousand, become this 3200000, . . .” 

“Now the square of the chord is this 75600000000; the square of the diam- 
eter multiplied by three hundred and sixty-one is 3610000000000. On subtract- 
ing the square of the chord from that, the remainder is this 3534400000000. 
The square root of this is extracted; half of the eight zeros are four zeros; the root 
of the remaining portion is one-eight-eight; hence the resulting root is this 
1880000.” 

It will be clear from these extracts that Siddhasena Gani employed in his 
calculation the decimal place-value numerals. In the second extract there is an 
enumeration of the number of zeros. Elsewhere the writer says, “On removing 
the four zeros, the quotient obtained after that is this 100000.” According to 
Professor Hermann Jacobi, Siddhasena lived at the middle or end of the sixth 
century.! 

The evidence of another distinguished writer, who flourished about the close 
of the century, is equally conclusive. It is still more noteworthy inasmuch as it 
comes not from a mathematician but from a romance writer, Subandhu by 
name. In the Vdsavadatté of Subhandhu,? we meet with the following metaphor: 

“And at the time of the rising of the moon with its blackness of night, bowing 
low, as it were, with folded hands under the guise of closing blue lotuses, im- 
mediately the stars shone forth, . . . like ciphers [Sanya-bindu] because of the 
nullity of metempsychosis, scattered in the sky as if on the ink-blue skin rug of 
the Creator who reckoneth the sum total with a bit of the moon for chalk.” 

In the beginning of the seventh century, it is found that a section in the 
chapter on algebra of the astronomical treatise, Brdhma-sphuta-siddhanta (628) 
of Brahmagupta is devoted to the treatment of all the fundamental operations 
with zero, including involution and evolution. Similar sections are indeed found 
in the mathematical treatises of almost all the posterior Hindu writers, such as 
Trisatikad of Sridhara (C. 750), Ganita-sdéra-samgraha of Mahavira (850), 
Mahasiddhanta of Aryabhata II (950), etc. These arithmetical operations with 
the zero certainly presuppose the existence of the zero as a numeral. Brah- 
magupta’s term faccheda for the quotient of a quantity divided by zero is 
especially noteworthy in this connexion. That term literally means “having 


1 ZDMG, Vol. 60, 1906, p. 289. 


2 Vasavadatta of Subandhu, edited by F. Hall (Calcutta, 1859, p. 182) and translated into 
English by Louis H. Gray (New York, 1913, pp. 99f). It may be noted that the romantic love of 
Queen Vasavadatta and King Udayana had been the theme of several Sanskrit works. The earliest 
of them seems to be a drama, called Vdsavadattd, by Subhandhu, the minister of King Bindusara 
(280 B.C.) of Pataliputra. The famous Patafjali (150 B.C.) has referred to an epic poem of the 
same name. The available prose romance Vdsavadattd was written after the middle of the sixth 
century. (See Proc. 2nd Orient. Conf., Calcutta, 1922, pp. 197-7, 203-213. 

’ Bibhutibhusan Datta, “Early history of the arithmetic of zero and infinity in India,” Bull 
Cal, Math. Soc., vol. 18 (1927), pp. 165-176. 
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that for denominator” ; having in this instance cipher (kha) in the denominator, 
it is equivalent to and has been obviously meant for kha-cheda. Now to de- 
scribe a certain quantity as a fraction having zero for the denominator, requires 
a knowledge of the characteristics of the zero. Like Jinabhadra Gani, Brah- 
magupta is sometimes found to have enumerated the number of zeros contained 
in a particular large number. For example; 4320000 is spoken of as “four zeros, 
rada, veda”! (rada =32, veda=4); 4320000000 as “seven zeros rada, veda;”? 
57753300000 as “five zeros, guna, guna, five, muni, svara, Sara” (guna=3, 
muni =7, svara=7, Sara=5); etc.! 

In the arithmetical treatise of Mahavira, the use of zero occurs also in other 
connexions besides in connexion with its arithmetic. For instance in explain- 
ing a method of finding the sum of a series in geometrical progression, he says: 

“The number of terms in the series is caused to be marked (in a separate 
column) by zero and by one (respectively) corresponding to the even (value) 
which is halved and to the uneven (value from which one is subtracted till by 
continuing these processes zero is ultimately reached) ;”® 
This passage reappears verbatim on two other occasions in the Ganita-sdra- 
samgraha.® It should be observed that the last of these rules is the same as that 
of Pingala (before 200 B.c.).? 

In enumerating the various “technical terms” (samjad) signifying the “num- 
bers” (samkhyd), for the purpose of a glossary on word-numerals, Mahavira 
first mentions the terms for 1, 2, - - - , 9 and then gives the terms denoting the 
zero.’ Hence it is clear that, according to him, the zero is as much a number as 
any of 1, 2,---,9 is. So Professor Tropfke is not correct in thinking that the 
zero was not regarded as a number before the seventeenth century A.D.° 

In describing certain large numbers, Mahavira writes: 

“The (figures) 7, 0, 2, 2,5, and 1 are put down (in order from the unit’s place 
upwards); and then this (number) which is to be multiplied by 73 . . .”! 

“In this (problem) put down (from the unit’s place upwards) 1, 1, 0, 1, 1, 0, 
1, and 1, which (figures so placed) give the measure of a (particular) num- 

“|. . write down the figures 4, 0, 6, 0, 5, and 9 in order (from right to left) 
and work out the cube of the number . . .”” 

Such large numbers have been described as “ numbers occupying two or more 
notational places.” 


1 Brahma-sphu{a-siddhanta, i. 7. 


2 Tbid., i. 15. 8 Ganita-sdra-samgraha, i. 53-62. 
- 3 i. 16. 10 Thid., ii. 15. 

4 Ibid., i. 22, 51-5, etc. Tbid., ii. 17. 

5 Ganita-sdra-samgraha, ii. 94. 12 Tbid., ii. 52. 


6 vi, 3114, 333}. 

7 See the first article. 

9 J. Tropfke, Geschichte d. Elementar- Mathematik, Bd. I1 (1921), p. 56. For the Hindu defini- 
tion of the zero, the reader is referred to the article, Early History of the arithmetic of zero etc., loc. cit. 

18 Ganita-sdra-samgraha, ii. 30. 


* 

t 


570 EARLY LITERARY EVIDENCE OF THE USE OF THE ZERO IN INDIA [Dec., 


In the writings of a contemporary scholar, we find innumerable references to 
the zero and the decimal place-value numerals. He is no other than the eminent 
mathematician and commentator Prthudakasvami. Prthudakasvami wrote com- 
mentaries of the two works of Brahmagupta, viz., Brahma-sphuta-siddhanta and 
Khandakhadyaka. Copies of the commentary on the latter, written in 864 A.D., 
are available in the Imperial Library, Berlin, and the Deccan College Library, 
Poona. One copy, collected by Bhau Daiji, is now in the library of the Calcutta 
University, but the earlier parts of it are worn out. We select the following 
extracts from this commentary :! 

“That being divided by dvi-nava-rasa* (namely) by this 692, the quotient in 
days etc. is 0|34|56. That being added to the remainder of the intercalary 
months, (namely) to this 433 |29 |13, becomes this 434|4|9. That being multi- 
plied by thirty becomes this 13022 4 |30. That on division by rtu-kha-dik,’ (that 
is) by this 1006, the quotient in days etc, called ‘the corrected second,’ is this 
12 |56|39."4 

“The ahargana is unity 1; multiplied by kha-kha-vasu® becomes |800|. Di- 
viding this by muni-nakha-dvi-nanda-yama,® (we get) as revolution 0. The 
remainder multiplied by twelve becomes 9600. (Dividing) by that divisor, (we 
get) as signs 0. The remainder, this 9600, multiplied by thirty becomes 288000. 
On division of this by the same divisor, degrees are 0. The remainder 288000 
being multiplied by sixty 60 and with the same divisor, minutes are 59. The 
remainder being multiplied by sixty and divided by the same divisor, seconds 
are 8. Thus the daily motion of the sun in signs etc., is 0|0|59|8.”7 

“Thus the daily motion of the sun is fifty-nine minutes and eight seconds; 
that of the moon is seven hundred and ninety minutes and thirty-four seconds; 
that of the moon’s perigee is six minutes and forty seconds; and that of moon’s 
apogee is three minutes and eleven seconds. These are again written in figures 
(ankenapi likkhyate) : 


Sun Moon Moon’s Perigee Moon’s Apogee 
59 790 6 3 
8 34 40 11 


These minutes etc., are the daily motions of the sun, the moon, the moon's 
perigee and moon’s apogee, respectively.”$ 


1 A photostat copy of the Berlin Mss. of Khandakhadyaka commentary has recently been 
secured by the Calcutta University. It is being edited by Professor P. C. Sengupta. Our references 
here are to the folios of that copy. The Khandakhayaka with the commentary of Amaraja has been 
edited previously by Pandit Babua Misra for the Calcutta University. The numbering of the 
verses of the original text in this copy is slightly different from the Berlin copy. 

2 Dvi=2, nava =9, rasa =6; dvi-nava-rasa = 692. 

Rtu=6, kha=0, dik =10; rtu-kha-dik = 1006. 

4 Folios 9 verso-10 recto; i. 11-12 (C.U. ed. i. 8-9). 

5 Kha=0, vasu=8. 

Muni=7, nakha=20, dvi=2, nanda=9, yama=2. 
7 Folio 12 recto and verso; i. 14 (C.U. ed. ii. 1). 

8 Folio 13, recto & verso; i. 14 (C.U. ed. ii. 1). 
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“These are again written in figures: 
Moon’s Moon’s 
Sun Moon Mars Mer.  Jup. Ven. Sat. Peri. Apo. 
59 790 31 245 4 96 2 6 3 
8 34 26 32 59 7 0 40 11 


These being multiplied by the difference in longitudes, (namely) by this 120, 
become respectively (beginning with the moon) 94870 |800 |380|3772 |29464 | 
598 |11534(?6) |240.”! 

There are numerous other instances of this kind in the work.’ 

Finally coming to the tenth century of the Christian era, we find a con- 
siderable volume of evidence of the use of zero and the decimal place-value 
numerals. The commentators such as Prafastidhara* (964) and Bhattotpala‘ 
(966) have freely used them in calculation. For illustration we take the passage, 
“adding this to the constant quantity dvi-utkrti-kha, (namely) to this 2260. . .”5 
from the former and “by the number kha-kha-asta-dik, (namely) by this 
10800 . . .”° from the latter. Nemicandra has several times referred to the ad- 
dition and subtraction of the zero; e.g., 

“One hundred plus seventeen, eleven, zero, and four... .”? 

“Deduct zero, one, four and five (in each of the four rows, respectively)... .”8 
The zero also enters into certain combinations of things described by him: 

“One, two, three and five; zero, five, ten and fifteen; zero, twenty, forty and 
sixty; putting down (samsthdpya) these in three rows for three classes of care- 
lessness, find out the elements or number of analysis and synthesis, i.e., com- 
binations.”® 

“One, two, three and four; zero, four, eight and twelve; zero, sixteen, thirty- 
two, forty-eight and sixty-four; putting down these in three rows for three 
classes of carelessness, find out the number of analysis and synthesis.”!° 
We find the use of the decimal place value numerals with the zero in the works 
of Madhavacandra Traividyadeva, a contemporary disciple of Nemicandra. It 
may be noted that the latter has defined a very large number, “one-nine-seven- 


1 Folio 15, verso. 

2 Compare folios 16(verso), 18 (recto), etc. 

3 PraSastidhara of Kashmir wrote in 964 A.p. a commentary on the Laghumdnasa (932) of 
Manjula. Ms. of this work is found in the Calcutta University Library, which has been “copied 
from Ms. No. 583 and compared with other Mss. in the Oriental Library, Mysore.” 

4 Brhat Samhité of Varahamihira, edited, with the commentary of Bhattotpala, by Sudhakara 
Dvivedi, in two parts, Benares, 1895, chap. ii; Brhajjdtaka of Varahamihira, edited, with the com- 
mentary of Bhattotpala, by Sitarama Jha, Benares, 1923, vii. 1-2, viii. 4, ix. 1-7, etc. 

5 Laghumdnasa, ii. 5 (com.); dvi =2, utkrti=26, kha =0. 

6 Brhajjataka, vii. 2 (com.); kha =0, asta =8, dik =10. 

7 Gommata-sdra of Nemicandra, edited with English translation and notes in two parts, by 
J. L. Jaini, Lucknow, 1927; Karmakdnda, Gatha 276, 282. 

8 [bid., Karma-kanda, Gatha 383; cf. also Gatha 94, 322, 376. 

9 Thid., Jiva-kinda, Gatha 43. 

10 [bid., Jiva-kanda, Gatha 44. 
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nine-twelve-zero-nine-two-nine-nine-nine-six-eight- and thirty-one zeros”! 
(197912092999680000000000000000000000000000000) as “4294967296 multi- 
plied by the square of sixteen and then multiplied by twice nine, together with 
thirty-one zeros.” Madhavacandra has expressed the number in figures. 

Another very conclusive proof is supplied by the “Katapayadi” variety of 
the Hindu alphabetic notations. In this system, as is well known, groups of 
nine letters of the Devanagari alphabets beginning with ka and {a, five letters 
beginning with pa and eight letters from ya, denote successively the numerals 
beginning with unity. The letters #a and na, sometimes also the vowels standing 
alone, denote the zero.2, Thus we have on the whole symbols for nine numeral 
characters and the zero. These are employed, of course, on the principle of 
place value. Instances of the application of this system of numeral notation are 
found as early as the beginning of the sixth century of the Christian era in the 
Laghu-Bhaskariya* (522) of Bhaskara I. According to the Commentator 
Siryadeva Yajva, the system was in use still earlier, before the time of Arya- 
bhata I (c. 476). 

To recapitulate, in these two articles, we have collected from the earlier 
literature of the Hindus a volume of substantial evidence proving the existence, 
as also the use as a numeral, of the zero. They range over a long period beginning 
before 200 B.c. and ending with the tenth century A.D. It is needless to produce 
evidence of later writers. On closer analysis, it will be found that the volume of 
evidence of scholars coming after the fifth century A.D. is more than that of the 
earlier scholars. Again the evidence of a few, such as Varahamihira (505), can 
possibly be explained away as referring to the mere concept of nothingness, but 
those of many others like Pingala (before 200 B.c.), the Bakhshali Ms., Bhaskara 
I (c. 525), Jinabhadra Gani and others, cannot be so done. With the latter 
writers the zero is undoubtedly a distinct numeral. There is nothing to 
prevent us from supposing that the former also used it in the same sense. On 
the contrary, one will easily be led to this conclusion by the fact that the con- 
temporary writers employed the zero as a numeral. 


1 Triloka-sdra of Nemicandra, edited, with the commentary of Madhavacandra, by Mano- 
haralal Sastri, Bombay, 1919, Gatha 20-1. 

2 For further particulars on this point, the reader is referred to the writer’s article, The alphe- 
betic numeral system (in Bengali) in the Sahitya Parisat Patrikd, Calcutta, vol. 36, pp. 22-50. The 
article gives a comprehensive history of the subject with special notice of the Hindu systems. Com- 
pare also J. F. Fleet, The Katapayadi system of expressing numbers, JRAS, 1911, pp. 788ff. 

3i, 18. 


1931] DESCRIPTION OF A SURFACE OF CONSTANT CURVATURE 573 


THE DESCRIPTION OF A SURFACE OF CONSTANT CURVATURE 
By ROBERT C. YATES, The University of Maryland 
1. Introduction 


The normal planes to a surface cut out curves of radii of curvature p. Of 
such sections, there will be a maximum and a minimum radius given by a certain 
quadratic relation. If these be called p:, and pe, then pz!+ pz" is the mean curva- 
ture and (p1p2)~! the well known Gauss or total curvature. This last is designated 
simply the curvature. 


2. Discussion 


We shall be interested here in surfaces of revolution for which the curvature 
is a positive constant, say 


(1) (pip2)“! = 

If we reduce both principal radii by an equal amount “a,” 
(2) — — = a? 

or 


pit + pz = a", 


we thus find an associated surface defined with mean curvature constant. Fur- 
thermore, this second surface is parallel to the first.? 

A meridian section of a surface of this sort may be generated by rolling an 
ellipse along a straight line and taking the curve traced out by a focus.” This will 
give, when revolved about the line as an axis, a surface for which the mean cur- 
vature is constant. 

3. Mechanical Description 


Upon the suggestion of Professor Frank Morley, a mechanical device for 


constructing both meridian sections was made that will exhibit a fairly large 
portion of each curve. 


1 A theorem due to Bonnet: Nouvelles annales de mathématiques, Ser. 1, vol. 12 (1853), p. 433. 
2 See, e.g., Greenhill: Elliptic Functions, Macmillan and Co., New York (1892), Chapter III. 
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Two pairs of rods are joined together, the rods in one pair being made equal 
in length to the major axis, 2a, and in the other to the distance between the foci, 
2c, of an ellipse. Toothed wheels are placed at the extremities (or at any con- 
venient point) of the rods representing the axis of the ellipse in order that each 
rod may move at right angles to itself. These wheels cut out two of the four 
degrees of freedom. The intersection of the rods may be made to move along a 
straight line, for instance, with the help of a Peaucellier cell. 

The wheels themselves, being foci of the ellipses, will trace out the curves for 
which pz!+pz!= +a~!. The center points of the longer rods will give the sections 
of the surface of constant curvature. The surface of revolution of the former 
curves is the unduloid. 

It is well to note in closing that these surfaces of revolution of constant 
mean curvature are those that occur in the theory of soap films.! 


RECENT PUBLICATIONS 
Epitep BY RoGer A. Jounson, Brooklyn College of the City of New York 


All books for review should be sent directly to the editor of this department, at Brooklyn College, 
66 Court Street, Brooklyn N. Y., and not to any of the other editors or officers of the Association, 


REVIEWS 


College Algebra. By Lloyd L. Smail. McGraw-Hill Book Co , New York, 1931. 
xvi+450 pages. Price $2.50. | 

Here is something really new: a textbook which does not present the sub- 
ject matter of college algebra as a sequence of disconnected topics, but instead 
introduces these topics as various aspects of the study of polynomials and other 
functions. In this way a unified presentation is achieved, the arrangement of ma- 
terial being based upon the systematic study of various types of functions and 
equations in various numbers of unknowns. 

All the traditional topics, with a few exceptions to be noted later, have been 
included, altho this might not be apparent to one who reads merely the list of 
chapter titles. Topics which do not seem to fit into the author’s outline have 
been relegated to a final chapter on miscellaneous topics. Perhaps later writers 
can improve on the present author’s arrangement, and can find a more logical 
place to insert some of these miscellaneous topics. But at the present time, Pro- 
fessor Smail deserves much praise as an innovator, as a pioneer who has had the 
courage to deviate from the traditional topical arrangement. He has succeeded 
in so rearranging the topics of College Algebra that the student may feel that he 


is geally going somewhere and is not merely skipping from one independent 
topic to another. 


1 See Maxwell: Capillary Attraction, Encyclopaedia Britannica (1924). 
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The book is divided into thirteen chapters. In the case of each chapter, 
topics will be noted which are included therein but which would not be natur- 
ally suggested by the title of the chapter. The first chapter, an “Introduction,” 
is chiefly concerned with clarifying concepts with which the student has already 
had some experience. The latter half of this chapter is devoted to complex num- 
bers and their graphical representation, concluding with a section on the geo- 
metrical applications of complex numbers based on an article by Professor 
Smail in this MONTHLY, vol. 36 (1929), pp. 504-511. 

The second chapter, “Variables and Functions,” contains a more precise dis- 
cussion of variables and constants than is given in the usual elementary text. 
Poles, as well as zeros, of a function of one variable are defined. Beginning with 
section 40, the discussion is concerned with polynomials only and not with func- 
tions in general, a fact which the reviewer believes has not been sufficiently em- 
phasized. In fact, the word “polynomial” is used on page 59 ff., but is not de- 
fined until page 65. Synthetic division and graphical methods for finding roots 
of an equation are two topics introduced in this chapter. 

Chapters 3 and 4 are entitled “Linear Functions of One Variable” and 
“Quadratic Functions of One Variable.” Under the first of these the topic of 
arithmetic progressions is introduced; the latter contains the usual development 
of the quadratic formula. 

The next two chapters, 5 and 6, are entitled “Linear Functions of Several 
Variables” and “Quadratic Functions of Several Variables.” In chapter 5, de- 
terminants are discussed and are used to solve systems of linear equations. 
Chapter 6, despite the title, considers functions of two variables only. The treat- 
ment of functions is almost entirely graphical and leads to a brief study of the 
conic sections. In the solution of systems of equations, both algebraic and geo- 
metric methods of solution are given. 

The next five chapters are concerned with functions of one variable, the 
titles being: Chapter 7, “Polynomial Functions;” Chapter 8, “Fractional Func- 
tions;” Chapter 9, “Irrational Functions;” Chapter 10, “Power Functions and 
Exponential Functions;” Chapter 11, “Logarithmic Functions.” In Chapter 7 
is given the binomial theorem for positive integral exponents, Descartes’ rule, 
Horner’s method, relations between roots and coefficients, and the other minor 
topics of the theory of equations. Mathematical induction is casually introduced 
on page 178, no reference being given there to the more complete discussion of 
induction given on page 307. The next chapter on “Fractional Functions” shows 
how to determine the zeros and poles of a rational fractional function, and studies 
the nature of the graph in the neighborhood of a pole. Another topic considered 
is that of partial fractions. Chapter 9 contains the method of finding all the mth 
roots of a number. Topics contained in Chapter 10 are: variation, geometric 
progressions, compound interest, and annuities. The chapter on “Logarithmic 
Functions” contains the usual discussion of logarithms and logarithmic compu- 
tation. 

The twelfth chapter is entitled : “Miscellaneous Topics,” and discusses these 
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four topics: permutations and combinations, probability, mathematical induc- 
tion, binomial theorem for any exponent. 

Chapter 13 consists of seventy pages of “Supplementary Exercises,” with- 
out answers. At the end of each set of exercises in the first twelve chapters is 
given a reference to the proper page in Chapter 13 on which additional exercises 
of the same type may be found. 

The book concludes with two appendices: (1) “Outline of a systematic logi- 
cal theory of the number-system of Algebra,” and (2) “Summary of Formulas;” 
a set of tables, answers to most of the odd numbered problems in Chapters 1-12, 
and an index. 

Concerning the details of this book, there is much to be said in praise and 
much in dispraise, and there are other matters concerning which there are differ- 
ences of opinion. The reviewer believes that the author is to be praised for mak- 
ing a distinction between the identity and the conditional equality. The sym- 
bol introduced on page 27 for “is approximately equal to” deserves to come into 
more general use. Besides its obvious usefulness in numerical computations, it 
might also serve a useful purpose in calculus. The author is also to be praised 
for giving definite references to more advanced books for matters which are “be- 
yond the scope of the present work.” These references should serve to show the 
more ambitious pupils that there is still something to learn after this course has 
been completed. The abundant use of graphical methods thruout the book is 
another matter deserving of praise. 

But on the other hand, the book has a number of defects. It is marred by 
numerous misprints. The student may be confused, to say the least, by being 
told on page 30 that 7?= —1, on page 127 that (—2)(—6) = —12, and on page 
200 that the product of the roots of a quartic is equal to minus the constant 
term. There are still other errors which are not due to misprints. On pages 6 and 
7, Law XV (Division is always possible and unique) is hardly consistent with 
Law XVIII (Division by zero is not defined and is not permissible). The state- 
ment on page 95 that the area OALN represents the sum of the first ” terms is 
false. Under the topic of probability, the solution of Example 2 on page 299 is 
entirely wrong. It has been noted before that polynomial has been used before 
being defined. Similarly, at the bottom of page 183 certain information about 
P(—x) is used which is not given until page 186. The discussion of geometric 
progressions on page 244 is a little awkward, because a is necessarily positive in 
the exponential function ka*, and it may not be obvious therefore to the stu- 
dent that the ratio in a geometric progression may be negative. It is also con- 
fusing to have a used in two different senses on pages 244-5, where ka? is re- 
placed by 

As has been noted before, arithmetic progressions and geometric progres- 
sions are not taken up together, as is the usual custom. Whether this is a good or 
a bad point seems to be largely a matter of opinion. Nothing is said about har- 
monic progressions. Other topics omitted are: infinite series (except for the topic 
of infinite geometric progressions in Chapter 10), limits, scales of notation, and 
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continued fractions. Nothing is mentioned concerning the history of algebra. 
Here again, it is largely a matter of opinion as to whether or not the author is 
to be blamed for omitting any of these topics. 

From the above discussion, it can be seen that the underlying principles upon 
which the framework of the book has been constructed are sound ones, but that 
some of the details of construction are faulty. The book is an unusual one, and it 
is to be hoped that it will prove to be popular and successful. 

Harry MERRILL GEHMAN 


The Mathematical Part of Elementary Statistics. By Burton Howard Camp. D. 

C. Heath & Co., Boston, 1931. 409 pages. $3.60. 

As the author tells us in his preface, this book consists of two half-year cour- 
ses in statistics: the first strictly elementary and the second more advanced. 
Students are presumed to have a knowledge of analytic geometry, but not neces- 
sarily of calculus. It is the practice at Wesleyan for many students to take only 
the first half, and it is apparently the author’s belief that only those who are 
fairly proficient in mathematics should take the second half. Opinions will of 
course differ as to the sufficiency of such a preparation and the advantages of 
such a division. 

Before a detailed discussion of the two parts is begun, some general state- 
ments are in order. The critic’s reported remark regarding one text that, “if this 
is mathematical, so is the Book of Numbers,” is not applicable here. This is de- 
cidedly a text-book in mathematics; it is organized in the usual way, with plenty 
of model examples and with problems that can be freely assigned as in a course 
in calculus. Teachers of mathematics who have wrestled with undergraduate 
courses in statistics will realize that this is probably the most important thing 
that I shall say. Features not so good are the lack of an index and of consecutive 
numbering of paragraphs through the book, resulting not infrequently in a sort 
of prolonged “treasure hunt” when tracking down a reference. There ought also 
to the provided a set of answers in a separate pamphlet for the benefit of both 
teachers and students. 

Part I comprises about half the book. It is divided into ten chapters, of 
which four are given to moments, averages, measures of dispersion, etc.; two to 
the normal law and its simpler applications; one to time series, especially the 
fitting of trend lines; and the remaining three to correlation between two vari- 
ables. On the whole the emphasis is on methods of calculation and the meaning of 
the many terms. In the first four chapters most of the formulas used are proved, 
a strong feature being considerable training in the use of the summation sign. In 
dealing with the normal curve the lack of calculus is partly compensated for by 
introducing the definite integral as a symbol for the area between two ordinates, 
a device which provides a convenient notation and permits the checking of some 
of the properties of the curve with the aid of the tables. Other properties are 
checked approximately with the aid of a histogram constructed from the tables. 
It seems to the reviewer that it would have been well here as well as later to in- 
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sert the demonstrations by calculus as supplementary sections. The remaining 
chapters seem to call for no special comment. 

A salient feature of the treatment is that the author lives up to his title; we 
have here a well planned and well presented introductory course, unmarred by 
long discussion of problems from other fields of learning of which the student 
may know nothing. The student who has completed this course knows the rudi- 
ments and is ready to take up the special problems of economic or educational 
statistics, if he is interested in them, with the departments concerned. The only 
objection which the reviewer has to offer is his personal belief that a course in 
statistics which does not include probability and sampling is woefully incom- 
plete. 

Part II consists of seven chapters: I, “Probability”; II, “Approximations to 
the point binomial”; III, “Frequency curves”; IV, “Sampling”; V, “Further 
topics in correlation”; VI, “Multiple correlation”; VII, “Finite differences.” 
This is followed by a set of tables, which are also published separately. The titles 
of Chapters I, II, IV, and VI sufficiently describe their contents. The Gram- 
Charlier expansion is the basis of Chapter III; the further topics in correlation 
include errors of estimate, the correlation ratio, and polychoric correlation; and 
Chapter VII is mainly interpolation methods. 

On the whole the commendatory remarks on Part I apply also to this part, 
but with certain reservations. The first and less important is a doubt that stu- 
dents whose training does not include calculus have sufficient mathematical 
maturity to comprehend the theoretical work involved. If this doubt is well 
founded, the reviewer believes that it would be better to use calculus freely, in- 
stead of the ingenious substitutes for it. 

A more important cause for concern is the treatment of fundamentals in the 
theory of probability. The author avoids the vicious circle in the classical defini- 
tion by first defining equi-probability of two events by a limiting process and 
then introducing the classical definition. As he says on page 186, this is equiva- 
lent to the limit definition of probability, used by many writers on statistics. 
The objections which the reviewer wishes to raise are then really directed against 
current practices in statistics, rather than against this particular book. 

The limit definition assumes that the probability p of an event is the limit of 
u/n, as n approaches infinity, where u is the number of successes in the first 
trials of a random sequence. For example, we may imagine an immortal tossing 
a “good” penny, in which case we believe that the limit will be 4. If it is legiti- 
mate to speak of the limit of such a sequence, can we not say that for any positive 
€, say €=.01, there will be an integer m’ (unknown, of course) such that |3 —u/n | 
<e for every n2n’? Fixing n, we have 3n—ne<u<in-+ne. Suppose now 
that we watch the first 2m trials and that these yield k successes, where k=m-+s, 
s@1. We then know that the next m — 2m trials will yield r successes, where 


As far as logic or our knowledge go, the results of the next »—2m trials may 
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come out in 2 *-?" ways. Are these not equally probable? But only those are pos- 
sible for which r satisfies the above inequality. Waiving this difficulty, we readily 
find by algebra that among the possible results of the next »—2m trials, those 
in which the first yields a failure are more numerous. Is the tyro right in be- 
lieving that after a run of heads, a tail is more likely than a head? 

The phrase “infinite set of balls in the ratio » white to q black” comes as a 
shock to a disciple of Cantor, but is of course defensible as a convenient abbrevi- 
ation in connection with the surrounding context (pp. 241, 293). It does, how- 
ever, lead one to forget that the author’s work does not embrace probability ap- 
plied to infinite sets and the teacher may find it necessary to clear up the follow- 
ing sort of difficulty. Suppose that the balls in question have the integers 1, 2, 
3,- ++, ad infinitum printed on them. What is the probability that, if two are 
drawn at random in succession, the second will have a higher number than the 
first? Is it obviously } and, if so, why? Whatever the integer 7 on the first ball 
drawn, there is an infinity of balls having a higher number left and only »—1 
having a lower one. What is the explanation? 

Presumably an expert in statistics will find it easy to dispose of the ques- 
tions raised in the last two paragraphs. However, many, if not most, teachers of 
elementary statistics are not experts and are forced to rely more on the text used 
than in other branches of mathematics. For their sakes the reviewer has raised 
these objections, chiefly with the hope that they will be speedily demolished and 
with no desire to detract from the merits of one of the most important text- 
books of recent years. 

WALLACE A. WILSON 


Differential and Integral Calculus. By N. J. Lennes. Harper and Brothers. 1931. 
xiii+471 pages. Price $3.00. 

Once again Professors Lennes and Slaught have produced an excellent text- 
book in mathematics. This time Professor Slaught functioned as the editor of 
the series published by Harper and Brothers. 

This book is beautifully set up and printed and paged. There are but very 
few typographical errors and only one or two figures that might have been added 
or improved. On page 118 du“ du should read du” =nu"—'du. On pages 
47 and 49 a good drawing or two to illustrate one or more of the examples on 
tangents and normals to curves would have been an improvement. On page 120 
the drawing of the cycloid looks distorted. 

It is easy to see that the author of this text is a good teacher of long exper- 
ience and is also a good mathematician who delights in rigor of proofs. The text 
shows this plainly by a combination of great teachableness with the greatest 
possible logical rigor for an elementary text. 

Experienced teachers of the calculus will notice the following good points of 
this book. The figures are placed on the same page with the accompanying text 
or on the directly opposite page. The notation D.y is used for the derivative of 
y with respect to x, and dy/dx is not introduced until differentials are discussed. 


. 
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Several drawings are given on pages 69 and 81 showing the first derived curves 
below the original curves. Inverse functions are given a full and careful treat- 
ment. A chapter on the handling of series is given, but the proofs of the theo- 
rems used therein are postponed toa later chapter. The derivatives and integrals 
of infinite series are well discussed. There is a good explanation of the use of im- 
plicit functions in the solution of problems in maxima and minima. A good 
treatment is given of the total differential. 

A sound “elementary core” of material characterizes the book, more ad- 
vanced material being separated and put into later chapters or under the head- 
ing of Supplementary Topics. The applications to physics and other subjects 
are copious but are segregated. This makes the book adapted for use with both 
Liberal Arts and engineering students. The chapters of this text are so arranged 
that the integral calculus can be taught after the differential calculus or deriva- 
tive and antiderivative can be taught together. This should please two distinct 
groups of teachers and increase the clientele who will use the book. 

The constant of integration is emphasized and used freely before the defi- 
nite integral is introduced. A splendid discussion of the different elements of in- 
tegration is given on page 224, based upon infinitesimals. A chapter on solid 
analytics is introduced for the sake of students who have missed or are weak in 
this subject. A collection of formulas from algebra and trigonometry is inserted. 
No answers are given, but hints on the working of certain problems are given. 
Hyperbolic functions and their relation to a rectangular hyperbola are well 
treated. Sight work is given; huge sets of problems !abelled Sets A, B, and C are 
an excellent feature. A cumulative review (cGesigned to help the student re- 
learn the subject matter) is included in the book, zlso a very good historical 
sketch. 

Enough problems are worked through in the text to help the student. The 
book is very honest as to what is proved and what is assumed. There are long 
and carefu! explanations and common-sense apj‘roaches to the different topics 
treated in the text. There is continual harping oa the func .mental problem of 
the differential calculus as being a study of change and rate of change. Such dif- 
ficulties as that connected with the concept of an irrational exponent are enlarged 
upon in the book. The author does not hesitate to repeat discussions in different 
settings and with different wording for the sake of emphasis. 

The excellence of such definitions as those of function, continuity, tangent 
should be mentioned. It is pleasing to find in an elementary book such concepts 
as those of neighborhood, interval, pole of a function, and the like. The chapter 
entitled Supplementary Topics contains the methods of approximate integra- 
tion, subnormals, the second mean value theorem, Pappus’ theorem on areas, 
and many other excellent topics. Following this chapter there is a brief discus- 
sipn of differential equations. 

Let us now consider some few criticisms of the text. The idea of multiple in- 
tegration is led up to by a problem on moments of inertia. It would have been 
better to use also a problem on volumes. On page 87 an approximation to e is to 


‘ 


1931] MATHEMATICS CLUBS 581 


be found, with the unsupported statement that the result is certainly correct 
to eleven places of decimals. Under differentials we find the “proof” that Ax =dx. 
It would have been better to say “We may take dx = Ax.” Under the discussion of 


f du/ (ut — = (1/2a) log [(u — a)/(u + a)] 


no mention is made of the cases where u—a <0 or u+a<0. On page 206 the 
integral fdx/./(x?+a’) is obtained by a method that belongs more suitably 
with differential equations. On page 218 no justification is given for the change 
of variable in integration, and the discussion here is too brief. The discussion of 
multiple integrals seems too short. The students wants to know how to select the 
limts of integration, why certain elements of integration are used, and what 
the first integration gives. In one place the term “least upper bound” is given 
without any definition of its meaning. The index is incomplete. In the dis- 
cussion of limits the independent variable is not allowed to reach its limit. This 
makes for a neater discussion, but it puzzles the student when he comes to other 
fields of mathematics where the independent variable is allowed to reach its 
limit and where such an expression as 1/0 does have a meaning. 

Returning to praise of this text-book, we note that it has a wealth of material 
all well-arranged and a wealth of problems all well-graded. A student should be 
able to master the subject using this text, with very little or no help from an in- 
structor. It is easy to believe the story of the growth of this book (as recited in 
the author’s preface), namely that the text was taught in mimeographed form 
for several years and that the students were asked to criticize the various ways 
of presenting any topic and the different sets of problems. This codperation has 
resulted in a very teachable book and one as rigorous as is possible for an ele- 
mentary text-book on the calculus. 

ALAN D. CAMPBELL 
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CLUB ACTIVITIES 
LOCAL MATHEMATICS CLUBS 
1930-1931 


The Mathematics Club of Hunter College 


The Mathematics Club of Hunter College has for its object the stimulation of interest in 
mathematics through the presentation of papers on topics allied with, but not treated in, the 
regular college courses, and through social contacts of all interested persons. Program meetings are 
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held every other Tuesday and are open to the students at the Main Building, most of whom are 
juniors and seniors. 

The meetings and programs were as follows: 

September 30, 1930: “Algebraic differentiation” by Anna Golden. 

October 14, 1930: “Geometric applications of complex numbers” by Sylvia Radlich. 

October 28, 1930: “An example of the analytic theory of numiers” by Roselyn Solomon. 

November 11, 1930: “The catenary” by Miriam Piesman; “Suspension bridge problem” by Muriel 

Levine. 

November 25, 1930: “Factorization of determinants” by Bertha Sperber. 
December 9, 1930: “Affine transformations” by Harriet Cohen. 

January 5, 1931: “Summation of series” by Ida Berenson. 

February 10, 1931: “Farey series” by Annette Vassel. 

February 24, 1931: “Nets of triangles” by Caroline Ullman. 

March 10, 1931: “Partial fractions” by Florence Eisinger. 

March 24, 1931: “Orbits of Heavenly bodies” by Dorothy Steinberg. 

April 14, 1931: “Summation of p-series” by Esther Sass. 

April 28, 1931: “Transcendental numbers” by Professor Jewell C. Hughes. 
May 12, 1931: “Approximate integration” by Professor J. Hobart Bushey. 

The officers for 1930-1931 were: Violet Moskowitz, President; Esther Sass, Vice President; 
Bertha Sperber, Secretary; Irene Larson, Treasurer; Miriam Pzisman, Publicity Manager; Pro- 
fessor Louis Weisner, Faculty Adviser. 

The officers are elected in the Spring semester at a special business meeting held after the 
program meeting. 

Among the social affairs of the club was a fall “get-together” party to which the Mathematics 
Clubs at the Annexes and new lower juniors in the Mathematics Club were especially invited. The 
entertainment was furnished by the Annex Clubs. Twenty-ninth Street Annex presented a play 
“Analytics College,” while Thirty-second Street Annex delivered a fantastic dramatic poem deal- 
ing with the various numbers seen by a student in a nightmare. ‘““here was also a little afternoon 
tea held in the council room, to which the officers of all the clubs were invited. The purpose of this 
tea was to discuss the advisability of having a series of educational talkies under the auspices of 
the Mathematics Club. The talkies were given on April 24th. The series comprised: “Woodwind 
Choir”; “Diagnosis of difficulties in arithmetic”; “The play of imag nation in geometry”; “Finding 
the right vocation”; “Acoustic principles” ; “Finding his voice.” 

The president, in the name of the club, presented a corsage of roses to Professor Simons, the 
head of the mathematics department and sponsor of the talkies. She also thanked the members of 
the committee, which consisted of the officers with Margorie Miller and Marion Leary. In addition 
to the interest in the talkies the affair was a great social success, as was testified by the number at- 
tending the little social after the pictures. The strong department spirit was in evidence in this 
event outside the usual routine as it is in the every day demands on the mathematics majors. 

The activities of the clubs at the several annexes are along the same lines as those in the Main 
Building. It is possible to keep the topics well within the understanding of the groups of students 
who are located in each building. Some of the outside speakers at these clubs were: Dr. Payne, who 
spoke on “Relativity simply explained,” and Professor Gill, who spoke on “Continued fractions.” 
Both were from New York University. 

BER’HA SPERBER, Secretary 


The Albion College Mathematics Club 


* The activities of the Albion College Mathematics Club for the year 1930-1931 were as follows: 


The officers were: Virginia Bray, President; Pearl Yates, Vice President ; Dalon Ely, Secretary- 
Treasurer. 


The meetings and programs were: 
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October 1930: “The application of mathematics to every day life” by Professor Gilbert A. Bliss of 
the University of Chicago. 

November 1930: Roll Call—Algebraic formulas. Two reports: “The Pythagorean theorem and its 
proofs”; “The history of the magic square.” 

January 1931: Roll Call—Geometric formulas. A talk, “Graphs and charts” by Professor E. E. 
Ingalls. 

February 1931: Roll Call—A statement by some prominent mathematician. A contest with trick 
mathematical problems. 

March 1931: A report, “The history of Pi”; Initiation of new members. 

April 1931: Roll Call—Geometric theorems. A report, “The simple uses of the slide rule.” 

Daton E Secretary 


Sigma Delta Rho, Honorary Mathematics Fraternity of Southern Methodist 
University. 


The club has been organized only since March so our activities for this year are few. 

The officers, elected March 2 by a majority vote are: Alice Gillespie, President; Claude 
Albritton, Vice President; Frances Francis, Recording Secretary; Grace Decker, Corresponding 
Secretary; Artemus Roberts, Treasurer. 

The primary aim of the club is to promote interest in the study of mathematics. 

Members must be in the upper third of their class and must have an average of 2.5 in mathe- 
matics and 2 in all other courses for their entire university record. They must have completed at 
least six hours of advanced mathematics and be taking another advanced course. Only one-third 
of graduate students are eligible. There are twenty-one active members on the roll. 

The meetings and programs were as follows: 

April 27, 1931: “Partial fractions” by Dr. Edwin Mouzon. 
May 18, 1931: “Why mathematics” by Fitz-Hugh Marshall. 
June 7, 1931: Banquet. 

We had an open house on March 24, 1931. 

Grace DECKER, Corresponding Secretary. 


The Mathematics Club of the College of the City of Detroit. 


The officers for 1930-1931 were: William W. Beeman, President; Rosina Mohaupt, Secretary; 
Joe Kursman, Treasurer. 

The meetings and programs were as follows: 
December 9, 1930: “Transcendental numbers” by Dr. K. W. Folley; election of officers. 
January 13, 1931: “Scales of notation” by Mr. Chazkel Falik. 
March 10, 1931: “The domain of the imaginary” by Mr. Hyman Wagman. 
May 5, 1931: “A mathematical theory of monopoly” by Miss Rosina Mohaupt. 
June 2, 1931: “Some elementary transformations of conics” by Mr. H. H. Pixley, Instructor in 

mathematics. 

Rosina Monwaupt, Secretary. 


Delta Nabla Fraternity of Westminster College. 


In order to be eligible for membership in Delta Nabla Fraternity of Westminster College, one 
must intend to major in mathematics and must have completed four semesters or three semesters 
with an average of “B” in the subject. The active membership is of such of the college students of 
good character and scholarship as have been unanimously approved by the active members of the 
fraternity, and have been regularly initiated in conformity with the fraternal ritual. At present 
there are eighteen active members. Meetings are held the first and third Tuesdays of each month. 

The purpose of Delta Nabla is to foster mathematics, striving to bring about a deeper interest 
in and a more extensive study of the subject on the campus. 

The officers for 1930-1931 were Pearl Hoagland, ’31, President; Edmund Barnes, ’31, Vice 


. 
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President; Hazel Bergland, ’31, Secretary-Treasurer. The officers are regularly elected the second 
Tuesday in April, by secret ballot, and by a majority vote. 
The meetings and programs were as follows: 
November 18, 1930: “Mathematical wrinkles” by Donald Cleland. 
November 30, 1930: Formal initiation and dinner. 
December 9, 1930: “Discussion on conics” by Pauline Robinson; Alice Bell told of her experiences 
while doing her practice teaching; “Mathematical puzzles” by Edmund Barnes. 
March 21, 1931: “Mathematics in music” by Mr. Donald Cameron, an assistant in the Conserva- 
tory of Music. 
April 14, 1931: Election of officers for 1931-1932. 
May 1, 1931: Election of new members. 
May 13, 1931: Formal initiation. 
HazeEL BERGLAND, Secretary. 


The Mathematics Club of Creighton University. 


The mathematics club of Creighton University was organized in the fall of 1929 by Professor 
Alvin K. Bettinger, head of the mathematics department. It adopted a two-fold purpose, to benefit 
the mathematics department by bringing all those interested in mathematics together for a discus- 
sion and expression on problems and views of the science. In addition, it endeavored to create in 
each student member a deeper interest and to give a broader outlook on the science in general. 

The club operates under a constitution and a board of officers who are elected in May for the 
following year. The present active membership is eighteen. 

Membership in the club shall be open to any student in the Creighton University who is 
interested in mathematics. Candidates for membership shall file application with the membership 
committee. The membership committee shall have the power to admit or reject the application of 
any candidate. If any member shall disagree with the decision of the membership committee the 
decision shall be placed before the house and decided by a majority vote of the members present. 

The meetings and programs were as follows: 

October 15, 1930: “The history of geometry” by Mr. Frank E. Marrin; “The definite integral” by 
Mr. Wendell A. Dwyer. 

November 18, 1930: “The Rhind Papyrus” by Mr. Wendell A. Dwyer; “Numbers” by Professor 
Alvin K. Bettinger. 

December 9, 1930: “The life of Steinmetz” by Joseph C. McCarthy; “The life of Descartes” by 
Joseph A. Flynn. 

January 15, 1931: “The Roger Bacon manuscript” by Torrence D. Kay; “The parabola and some 
of its applications” by Gordon Hannon; “A unique application of the parabola” by Mr. 
Frank E. Marrin. 

February 12, 1931: “The squaring of the circle” by Samuel Steinberg; “The solar system” by Hugh 
M. Schwaab; “The mechanical investigations of Leonardo da Vinci” by Mr. Wendell A. 
Dwyer. 

March 26, 1931: “The Newton-Leibniz controversy” by James P. O’Brien; “The slide-rule” by 
Robert J. Myers; “Different methods of rapid calculation” by Henry Sterling. 

April 28, 1931: “Some applications of mathematics to physical chemistry” by James P. O’Brien; 
“Cryptograms and code messages” by Edward J. Solomonow; “Report on the Mathematics- 
Chemistry symposium held in Indianapolis by the American Chemical Society on March 31, 
1931” by Robert J. Myers. 

The officers for 1930-1931 were: Robert J. Myers, President; Henry Sterling, Vice President; 
Torrence D. Kay, Secretary and Treasurer. 


TorRENCE D, Kay, Secretary. 


Mathematics Club of the Eastern Illinois State Teachers College. 
The officers for 1930-1931 were: Ralph Evans, President; William Peters, Vice President; 
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Pauline Schmidt, Secretary-Treasurer; Mr. E. H. Taylor, Head of the mathematics department, 
Faculty Advisor. 
The meetings and programs were as follows. 

September 24, 1930: “The mathematics club” by Professor E. H. Taylor; Social hour. 

October 8, 1930: “The mathematical cross word puzzle” by Forest Montgomery; “The nine point 
circle” by Agnes Gray. 

October 22, 1930: “History of the Calendar” by Thelma Quicksall; “Life and work of Archimedes” 
by Odin Stogsdill; Group picture taken from the school annual. 

November 5, 1930: “Unsolved problems” by Martha Spangler; “Mathematical fallacies” by 
Gertrude Hendrix. 

December 3, 1930: “Life and work of Galileo” by Ralph Evans; “Theory of Probability” by 
Professor S. B. Townes. 

January 7, 1931: “The sextant” by John Black; “The transit” by Milton Baker; “The application 
of mathematics to Fine Arts” by Alfrida Schuetz. 

January 21, 1931: “The story of arithmetic” by Glenna Albers; “The land of the fourth dimension” 
by Odin Stogsdill; “Mathematical wrinkles” by Katheryn Sebright. 

February 4, 1931: The annual ciphering contest between the various high school and college classes. 
This contest was won by the seniors of the college. 

March 4, 1931: “Purpose and work of mathematical associations” by Professor E. H. Taylor; “Why 
students fail in mathematics” by William Peters. 

March 18, 1931: “The slide-rule” by Professor O. L. Railsback of the Physics department; “School 
Science and Mathematics” by Virgin King; “The Mathematics Teacher” by Katheryn 
Sebright. 

April 8, 1931: “The Planetarium at Berlin” by Helen Richey; “The great pyramid” by Paul Henry. 

May 6, 1931: “Fanciful hypothesis of the origin of numerical forms” by Anna Balmore; “History 
of Pi” by Robert Newman; “History of the minus sign” by Eva Schaehrer. 

May 20, 1931: Election of officers for 1931-1932. 

PAULINE Secretary. 


Mathematics Club of Denison University. 


The officers for 1930-1931, elected in the spring of the previous year to serve one full year, 
were: John Rowerton, President; Harrison Korner, Vice President; Robert Bridge, Treasurer; 
Mary Jane Lamson, Secretary. 

The club was founded in 1911. At present we have 37 active members. The purpose of this 
organization is to bring together those of the faculty and students of Denison University who have 
a common interest in mathematics to consider mathematical topics which are not treated in 
scheduled courses in this university. 

Any student in Denison University is eligible to membership. The names of candidates for 
membership are presented at a regular meeting of the club and voted upon at the next succeeding 
regular meeting. 

The meetings and programs were as follows: 

October 7, 1930 “Imaginary numbers” by Dr. F. B. Wiley, Head of Department of Mathematics. 
October 27, 1930: “Large numbers” by Dr. Wiley. 

December 2, 1930: “Probability” by Russel Geil and Harrison Korner. 

December 16, 1930: “Oriental mathematics” by Chosaburo Kato, Instructor of mathematics. 
January 20, 1931: “Napier’s bones” by Mr. Donald Fitch, Registrar. 

February 10, 1931: “Mathematical philosophy and its contribution to life” by Dr. Wiley. 

April 21, 1931: “Projections” by Anna B. Peckham, Instructor of mathematics. 

March 3, 1931: “Exposition vs. expose in mathematics” by Professor Henry Blumberg, Ohio State 

University. 

March 17, 1931: “Units” by Professor Leon Smith, Physics department, Denison University. 
At Christmas time, one meeting is given over to puzzles and games, and at the end of the 
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school year a club banquet is given. In 1931, Professor Rado of Ohio State University gave the 
address. 


Mary JANE Lamson, Secretary. 
The Napierian Club of De Pauw University. 


The officers for 1930-1931 were: Howard F. Fetters, ’31, President; Lenore Ruark, ’31, Vice 

President; Mary McCord, ’31, Secretary; Horace Barnett, ’31, Treasurer. 
The meetings and programs were as follows: 

October 2, 1930: Election of new members. 

October 9, 1930: History of Napierian club and life of John Napier” by Lenore Ruark; “Napier’s 
logs” by Robert Heritage. 

November 13, 1931: “Some problems of mathematical recreations” by Horace Barnett; “The 
squaring of the circle” by Mary McCord. 

December 11, 1930: “Greek in relation to mathematics” by Professor Stephenson of the Greek 
department; “Hyperbolic functions” by Robert Heritage. 

January 15, 1931: “Determinants” by Willard Smith; “Women in the history of mathematics” by 
Ruth Brookshire. - 

February 19, 1931: “History of the teaching of mathematics in the Indiana High School” by 
Hubert Trisler; “Non-Euclidean geometry” by Richard Humphreys. 

March 19, 1931: “Some mathematical fallacies” by Dorothy Wurst; “Projectivity” by Professor 
W. C. Arnold. . 

April 23, 1931: Social meeting. 

May 14, 1931: Joint meeting with the Science Club. 

Mary McCorp, Secretary. 


The Carleton College Mathematics Club and the School of Crotona. 


The Carleton Mathematics Club is an open organization directed by a group of advanced 
mathematics students, called the School of Crotona. This group is self perpetuating as ail nomina- 
tions for membership in it are made by the members themselves with the ratification and approval 
of the teachers of the Carleton department of mathematics. Before admission to the School of 
Crotona, the candidate must pass a rigorous oral examination given by the staff of the mathematics 
department—the scope of which examination covers all his college work in mathematics. To be 
eligible for nomination to the School of Crotona, the student must have completed the usual 
college courses through integral calculus. 

The School of Crotona sponsors every month or six weeks a meeting of the Carleton Mathe- 
matics Club. The purpose of these meetings is to arouse in the beginning mathematics student an 
appreciation for higher mathematics and analytical reasoning. This purpose is furthered by 
limiting the talks by the professors and the papers read by undergraduates to subjects which are 
not too technical. The usual attendance at a club meeting is about forty. 

The officers of the mathematics club are elected by the School of Crotona every June for the 
next school year. The officers for the college year 1930-1931 were: Lester S. Sinness, President; 
Harry J. Burton, Vice President; Luther Ford, Secretary-Treasurer. 

There were four meetings of the Carleton Mathematics Club during 1930-1931 as follows: 
October 10, 1930: Lester Ford led a discussion on the subject “Geometric fallacies.” 

December 10, 1930: Dr. C. H. Gingrich, Professor of mathematics, talked on the “Square roots of 

unity with extensions.” 

March 5, 1931: An open discussion meeting was held on the subject “The history of numbers and 
notation.” H. J. Burton read a survey paper briefly sketching the field of mathematical 
notation. Miss Eleanor Walker gave in more detail the history of rational numbers. William 
Lee discussed “Irrationals” and S. Kjontvedt told how imaginary numbers were discovered. 
Miss Marion B. White, Assistant Professor of mathematics, concluded the discussion with a 
more detailed talk on imaginary numbers and their significance. 

April 24, 1931: Dr. Oliver Dimon Kellog, Professor of mathematics at Harvard University and 
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Harvard exchange Professor at Carleton, spoke on the “Four color problem of map making.” 
W. C. Contey, School of Crotona. 


The Irrational Club of the University of Wyoming. 


The Irrational Club of the University of Wyoming meets twice each month to discuss various 
phases of mathematics for which there is no time in regular classes. The only requirement for 
eligibility is interest in mathematics. Three social meetings are held during the year, one each 
quarter. 

At the first social meeting, which was the first meeting of the year, held early in the fall, 
officers for the year were elected as follows: Earl Johnson, Positive Square Root; Lillian Carlson, 
Negative Square Root; Ada Burke, Keeper of the Logs and Bones; Mr. C. F. Barr, John Ferrero 
and Evelyn Moore, Custodians of the Indices. 

This year the club numbered nearly sixty active members, the largest membership the club 
has known. 

Among the interesting talks and reports were included the following topics: “The trisection 
of an angle,” “The history of the decimal point,” “Logarithms—the history of their tables,” 
“Mathematics of finance,” “The history of Pi,” “The degree of accuracy obtainable with engineer- 
ing tools,” “Fourth dimension—for this topic we had a film illustrating Einstein’s theory,” “The 
nine point circle,” “Euler line,” “The use of mathematics in business,” “The slide-rule,” “Astron- 
omy.” 

The traditional irrational club beefsteak fry was held late in the spring at Telephone canyon 
which brought to a close a most successful year for the club. ‘ 
Apa Burke, Keeper of the Logs and Bones. 


The Mathematics Club of the North Carolina College for Women, 


The mathematics club of the North Carolina College for Women had the following meetings 

and programs during the year 1930-1931: 

October 1930: “Review of the ‘Pastures of Wonder’” (Keyser) by Pickett Henderson and Edna 
Reams; “The mathematics problems of Edison’s test” by Kathleen Nowell. 

November 1930: “Review of ‘Number,’ the language of science” (T. Danzig), by Edna Livingstone 
and Blanche Fisher; “A daylight meteor” by Virginia Allen. 

December 1930: “Review of ‘The watchers of the sky’” (Noyes) by Annie Fawcette; “The Adler 
Planetarium” by Mrs. George Fullerton. 

February 1931: Initiation of new members. Play—‘“The mock trial of B versus A.” 

March 1931: “Review of ‘Mathematics and Poetry’” (Buchanan) by Annie Lee Thompson; 
“Number Lore” by Kathleen Cox. 

April 1931: “The aesthetic measure of a polygon”’ (from the sixth year book of the National Coun- 
cil) by Mary Ellen Boss and Elizabeth Morgan. The reports were illustrated by an interesting 
set of figures in the construction and mounting of which the class in the Teaching of Geom- 
etry cooperated. 

May 1931: Election of officers. Social meeting was in charge of the new freshmen members. 

The officers for 1930-1931 were: Annie Fawcette, President; Virginia Barker, Vice President; 

Martha Pickett Henderson, Secretary-Treasurer; Cornelia Strong, Faculty Counsellor for the 

club. 


CorNELIA STRONG, Faculty Counsellor. 


Euclidean Circle, Indiana University. 


The officers for 1930-1931 were: Mildred Corrie, '31, President; Oliver Dixon, ’31, Vice 
President and Treasurer; Ida Mae Lloyd, '31, Secretary. 

The meetings and programs were as follows: 
October 1930: Business meeting. “The history of Euclidean Circle” by Professor Hennel. 
November 1930: Fall initiation. 
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January 1931: “The new planet ‘Pluto’” by Professor W. A. Cogshall of the Astronomy depart- 
ment. 

February 1931: Members of the club presented the historical play—“The evolution of numbers.” 
Initiation for second semester students. 

March 1931: “Mathematics and the laws of nature” by Professor H. T. Davis. 

April 1931: “The development of the subject ‘Mathematics’” by Professor S. C. Davisson. 

May 1931: “Mathematics and ornament” by Professor T. W. Moore. Election of officers for 1931- 
1932 was held. 

June 1931: The annual club picnic was held at the Cascades Park. 

Corrie, President. 


Tuftconic, Tufts College. 

The officers for 1930-1931 were: Eleonora L. Czerniewska, '31, President; Gordon Clark, 
‘32, Vice President; Pearl A. Russell, ’31, Secretary; Raymond Smith, '33, Treasurer. 

The meetings and programs were as follows: 

October 9, 1930: “Is X a whole number?” by Professor H. L. C. Leighton. 

November 6, 1930: “Numbers of Bernoulli” by Raymond Yeaton, ’31. 

December 16, 1930: “How those Frenchmen did it” by Helen Sakin, ’31. 

January 13, 1931: “Indeterminatism” by Richard Tousey, ’28. 

February 26, 1931: Freshman meeting. “Factoring the sums of squares” by Doris Pender, '34; 

“Trilinear coordinates” by Israel Lawsine, ’34. 

March 26, 1931: “Time” by Robert Nichols, Instructor in geology. 
April 23, 1931: “Our-curves” by Professor Carl H. Holmberg. 
May 18, 1931: Picnic at Lake Walden, Concord, Mass. 

The purpose of Tuftconic is to promote closer contact between professors and students inter- 
ested in higher mathematics. Meetings are held monthly at which students or professors present 
topics of interest. This is followed by a social hour. The club boasts of a song adapted by Professor 
William R. Ransom. 

PEARL A. RuSSELL, Secretary. 


PROBLEMS AND SOLUTIONS 


Epitep By B. F. FINKEL, Otto DUNKEL, AND H. L. OLson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3518. Proposed by H. A. Simmons, Northwestern University. 


, in Bécher’s Higher Algebra, p. 11, Exercise 2, the student is expected to 


make a statement which may be expressed as follows: If f is a polynomial in m 
variables x1, X2, : - - , Xm Which is known not to be of higher degree than n; in 
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xi, (¢=1,---,m), and if f vanishes at the (m1+1)(m2+1) - - (4m+1) distinct 
points 
(1) xn” |, i; 1, 2, 7 n;+ 1, 


then f vanishes identically : 

We ask the question: What is the greatest number of the points (1) at which 
a polynomial f of the type hypothesized can vanish and yet not be identically 
zero? 


3519. Proposed by Norman Anning, University of Michigan. 

AB isa fixed diameter and CD is a moving diameter of a given circle ACBD. 
E is the mid-point of arc BC. DE and AC intersect in P. Prove that DP is nor- 
mal to the locus of P. 


3520. Proposed by Elijah Swift, University of Vermont. 

To construct a triangle, given the base, AB, the opposite angle, C, and the 
length of the bisector of the angle C. Show the construction is possible with 
ruler and compass and give a simple construction. 


SOLUTIONS 
238[1916, 19; 1931, 289]. Proposed by Clifford N. Mills. 
Determine the rational value of x that will render x*+ px?+qx-++r a perfect 
cube. Apply the result to x*—8x?+12x—6. 
Solution by J. D. Hill, University of California at Los Angeles 


By placing f(x) =x*+px?+qx+r, we will have, as is well known, f(y— p/3) 
=y3+sy+i=F(y), where s=q—p?/3, and t=r—pq/3+2p?/27. Since F(—t/s) 
is a perfect cube, namely, (—¢/s)*, we have as a solution of f(x) =2*, the ex- 


pressions 
— t/s — p/3 = (p* — 27r)/(27q — 9p"), 


x 
and 
= (9pq — — 27r)/(27q — 9p?). 


For the special case, f(x) =x*—8x?+12x—6, we find that x=25/18, and that 
z= —23/18. 

The method employed here is essentially that given by Fermat. Euler repro- 
duced Fermat’s procedure and showed also how a second solution may be ob- 
tained from a first one. Dickson’s History of the Theory of Numbers! gives an 
outline of these methods with references, while Carmichael* has presented a 
rather complete discussion of this equation with a treatment of the more general 
case in which the coefficient of x«* is not necessarily unity. 

A Note by the Editors: A solution of this problem similar to the above was 


4 Volume 1, pp. 566-7. 
2 Diophantine Analysis, pp. 55-62. 


q 
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printed [1928, 378]; and this solution was overlooked when the problem was 
reprinted as unsolved in this Monthly. This solution does not profess to be 
complete, and probably does not give all the rational values of x for which f(x) 
is a perfect cube. 

This same problem appeared also as 243 [1916, 120] and this offering of the 
problem was solved [1917, 133]. In the note appended by the editors to this 
solution there is additional information and references. 

Problem 299 [1914, 267] was also reprinted through oversight of a solution 
which was printed [1916, 23]. 

Also solved by W. E. Buker, E. B. Escott, Edward Fleisher, A. L. McCarty, 
A. Pelletier, and F. Underwood. 


308[1915, 268; 1931, 229]. Proposed by H. S. Uhler. 

Prove that when a ray of light passes obliquely through a prism in such a 
manner as to maintain a constant value for the total deviation of the projection 
of the ray on the principal section, the ray inside the prism generates a cone of 
elliptical right section. It is assumed that the prism is surrounded by a medium 
having a smaller index of refraction than the index of the material of the prism. 


Solution by the Proposer 
To save repetition reference will be made to the article entitled Oblique 
Deviation and Refraction Produced by Prisms, this Monthly, vol. 28 (1921), 
pp. 1-10. 
From equations (7) and (8), 
sin hy + sin hg = n’[sin (x + 36) + sin (x — 38)]. 
Hence 
sin $(h; + ha) cos 3(hy — hy) = n’ sin x cos 38, 
cos (hy + hy) sin 3(hy — hy) = n’ cos x sin 36. 
Substituting h,—/,=D’+ 8, which is relation (6), we get 
sin 3(h; + hy) = n’ sin x cos $8/cos 3(D’ + 8B), 
cos (4; + hs) = n’ cos x sin $8/sin 3(D’ + 8). 
Consequently 
n'? sin? x cos?38 cos? x sin? $8 
cos? +8) sin? + 8) 
It is appropriate now to introduce rectangular coédrdinates. This may be done 
conveniently in the following manner. In figure 2 (loc. cit.) let O denote the 
center of the sphere of reference. Let a plane be drawn tangent to this sphere 
at the point L. Also let L be the origin of codrdinates, the axis of x’ being taken 


as the intersection of the principal plane with the tangent plane, and the axis 
of y’ as the line common to the plane of minima, LOH, and the tangent plane. 


(a) 


. 
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Finally let the extended radii Os and OS meet the tangent plane in the points 
s’ and S’, respectively. Then ZLOs’=x, Zs’OS’=v2, Ls'’=x’, and s’S’=y’. If 
the radius of the sphere be symbolized by a (instead of by unity, as in the 
original paper) we have at once 


(b) x’ =atanx, =Os’sinx, y’ = Os’ tan 
or 
(c) y’ sin x = 2’ tan 22. 


Inspection of equation (a) indicates that the next steps should be devoted to 
the determination of n’, sin x, and cos x in terms of a, c, x’, and y’, where 
sin c=1/n. 

By definition n’=n cos v2/cos 1, and equation (2) (Joc. cit.) is sin = 
nN sin v2; hence 


(d) n’? = n? cos? v2/(1 — n® sin? v2) = n2/[1 — (n? — 1) tan? v9] 
= 1/[sin? — cos*¢ tan? v2]. 


Now elimination of x from equations (b) and (c) is easily effected and the 
result thus obtained is ; 


(e) tan? vo = y’?/(a? + 
Substituting this expression for tan *v2 in relation (d) we find that 
(f) n’? = (a? + sin? c — y’? cos? + a? sin? c). 


From equation 


(g) sin? x = 4/2/(a? + x’), 
and 
(h) cos? x = a?/(a? + x’?). 


Substituting expressions (f), (g), and (#) in equation (a) we get 


(i) [cos? 38 — sin? cos? 3(D’ + 8) | sin? 3(D’ + B)- x” 
+ cos? ¢ sin? + B) cos? 3(D’ + B)-y” 
= [sin? c sin? 3(D’ + 8) — sin? 46] cos*}(D’ + B)-a?. 


It is necessary now to prove that the coefficients of a? and x’? in equation (7) 
are positive. For the bracketed portion of the coefficient of x’? we have 


cos? $8 — sin? ¢ cos? 3(D’ + 8) 

= cos? 38 — cos? $(D’ + B) + cos? ¢ cos? $(D’ + 8) 
[cos 38 + cos }(D’ + 8)]- [cos 38 — cos 3(D’ + 8)] + cos*c cos? $(D’+8) 
= sin $D’ sin (8 + 3D’) + cos* c cos? 4(D’ + 8). 


G) 


: 
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Now B+D’=h—hyand B+D’ S77; hence 
a fortiori, 83+-4D'<7a and D’ <7. Consequently the expression (j) is the sum of 
two positive terms so that it is essentially positive. 

It may be shown that the bracketed factor of the coefficient of a? is positive 
in the following way. Let €9 symbolize the absolute minimum deviation com- 
mon to D, and Dj. We have then the classical formula 


sin $(€9 + B)/sin 48 


n 


which gives 


sin? 38 = sin? c sin? $(e9 + 8). 


Therefore 

sin? c sin? 3(D’ + B) — sin? $8 
sin? c sin? 3(D’ + B) — sin? c sin? $(e€9 + B) 
sin? c[sin }(D’ + 8) + sin 3(¢0 + 8)]- [sin 3(D’ + 8) — sin 3(¢0 + 8)] 
sin? sin + € 9 + 28) sin — 

Now D’>€ hence (D’+€9+28)/2 <(D’+D’+28)/2, also D’'+8 <7 so that 
(D'’+6€9+268)/2 <7. Hence expression (Rk) is positive, and so it has been shown 
that each of the coefficients of a’, x’*, y’? in equation (7) is positive, which is 
tantamount to proving that the curve under investigation is an ellipse. The 


coefficient of x’? exceeds that of y’? by sin 3D’ sin (8+3D’) sin? 3(6+D’), which 
shows that the major axis of the ellipse lies along the axis of y’. 


432[1917, 287]. Proposed by R. P. Baker. 


The expressions 
dz 


dx 


are formally equivalent for every integral value of 7. 


(k) 


and 


Solution by Neal H. McCoy, Princeton University 


For convenience let d/dx be denoted by D and interpret each equation in- 
volving D and x as operating on an arbitrary function of x. We shall show that 


(1) D)' = (+1) /2 (xott get), 


where 7 is any positive integer and a is any constant, not necessarily an in- 
teger. As a special case if a=2 and we proceed to operate on the function 
(cye** ++c2-**)/x, we have the result required by the problem. 

A fundamental relation is the following; 


(2) Df(x) — f(x)D = f'(x), 


| 
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where f(x) is any function of x and f’(x) indicates the derivative of f(x) with 
respect to x. This is simply a statement of the formula for the derivative of the 
product of two functions. 

Let us multiply relation (1) on the left by x—*‘*+)/?, thus getting the equiva- 
lent form, 


Let P; denote the expression on the right side of (3). Then 
Pini = ( | 
But from the relation (2) we have 
Da-** = — ta 
Hence 
We thus find the recursion formula, 
(4) Pig, = *P(xD — ai). 


The relation (3) is easily verified for 7=1. We accordingly assume it for 
1<n and show that it holds for i=n+1. We have 
= x*P,_,[xD — (n — 1)a]x'-D, 
by relation (4). Now 


xDx'--D 


+ (1 — a)a-*|D 
— 1)D + (1 — 
x'-*D(xD — a). 


Substituting this in (5), we get 
= — na). 
But by the hypothesis of the induction we have, 


= P,, 
hence 


(x}-#D)*+! = x-*P, (xD — na) = Pais, 


by relation (4). This completes the proof of (3). 
It is interesting to note that this proof remains valid for a= —1 which gives 
the formula, 


(x2D)i = 


Also solved by J. P. Dalton, Eugene Stephens, and Morgan Ward. 
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A Note by Otto Dunkel: In many problems of this nature certain general 
considerations provide a uniform method of proof which is often used. Here 
we have to prove the formal identity of two differential operations, or what is 
the same thing to prove that their difference gives an operator which is zero. 
An equation such as (1) in the solution above has the form, after expansion 
and collection of the terms on the left, 


(1) DR i(x)Di = 0, 
j=0 
where R; (x) is an algebraic function of x; and we have to prove that the 
operator on the left for given forms of R;(x) reduces formally to zero any func- 
tion which admits the required derivatives. 
Consider the result of the operation on e**. We find, after discarding the fac- 
tor e8, 


(2) 


and, if (1) is true, (2) is identically zero. Conversely, if (2) is zero for all values 
of 8, it follows easily that (1) is true. Since e** may be expanded into a power 
series in x, we have merely to examine the result of the given operation on a 
single term of say A,x*. 

Consider the given example of the above solution 


It is easily found that 

(4) (xl-eD)ix* = k[k —a]--- [k — 
Replacing in (4) first a by —a, and then k by k—(i—1)a, we have also 
(5) = [k — (i — 1)al[k — (i — 2)a]--- 


After multiplying (4) by «*“+)/?, and (5) by x~#(+)/? we obtain x@*+e-‘@)/? with 
the same coefficient in each case. This concludes the proof of (1). 

In the solution [1931, 115] of problem 3425 [1930, 260] a proof was given 
of the identity 


«iDi = (xD — j). 
j=0 
Each side applied to x* gives at once 


and hence the formula is true. 
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3. Geometrical Exercises. 11. Mensuration. 
4. Miscellaneous Problems. 12. Miscellaneous Helps. 
5. Mathematical Recreations. 13. Mathematics Clubs. 
6. The Fourth Dimension. 14. Kindergarten in Numberland. 
7. Examination Questions. 15. Tables. 
8. Answers and Solutions. 16. Index. 
Price Postpaid — To any address = Only $3.00. 


_ “Your Mathematical Wrinkles which I received a few weeks ago is a classic in its field. It is as 
stimulating as it is profitable—a veritable ‘Whetstone of Witte.’ 


‘Please put me down for a copy of Mathematical Nuts and mail it to me as soon as it is off the press.” 
Dated December 5, 1931. 
(Signed) M. C. Erwin, Head Math Dept., 
Reynolds High School, Reynolds, In. 


These books are attractively illustrated and beautifully bound in half leather. Forward yous order today. 
(A copy of each on receipt of $6.00.) 


S. I. Jones, Author and Publisher, Life & Casualty Bldg., Nashville, Tenn. 


Special Offer to Teachers 
of Mathematics! 


Do you want a complete Library of Books on the Teaching of your Subject? 

Buy the Yearbooks published by the National Council of Teachers of Mathematics. 
Second Yearbook, ‘Curriculum Problems in the Teaching of Mathematics.” 

Third Yearbook, “Selected Topics in Teaching Mathematics.” 


Fourth Yearbook, “Significant Changes and Trends in the Teaching of Mathema- 
tics Throughout the World Since 1910.” 


Fifth Yearbook, ‘The Teaching of Geometry.” 
Sixth Yearbook, “Mathematics and Modern Life.” 
Seventh Yearbook, ‘'The Teaching of Algebra” (ready February 20, 1932). 
Prices: 
Single copies—$1.75 postpaid. 


Set of five books—Second to Sixth $7.50. 
Set of six books—Second to Seventh $9.00. 


Send all orders to Bureau of Publications, Columbia University, New York City. 
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CONTENTS 


The Annual Meeting of the Minnesota Section. By A. L. UNDERHILL... 547 
The Projective Approach to the Clifford Surface. By LAurA E. Curist- 


On the Expansion of a Certain Type of Determinant. By DONALD L. 

Early Literary Evidence of the Use of the Zero in India. By B1BHUTIB- 


RECENT PUBLICATIONS: Reviews by HARRY MERRILL GEHMAN, WALLACE 

PROBLEMS AND SOLUTIONS. Problems for Solution—3518-3520. Solutions 


DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Eprror-1n-Cu1er, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 

BOOKS FOR REVIEW should be addressed to R. A. Jounson, Brooklyn College, 66 Court 
Street, Brooklyn, N.Y. 

BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREASURER of 
the Association, W. D. Carrns, 33 Peters Hall, Oberlin, Ohio. 

CHANGE OF ADDRESS: Members should send notice of any change of address to the 
SECRETARY-TREASURER, W. D. Carrns, Oberlin, Ohio, before the 10th of each month. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Sixteenth Annual Meeting of the Association, New Orleans, Louisiana, Dec. 30-31, 1931. 


The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1931. 


Peoria, May 1-2. Missouri, St. Louis, November. 
InpIANA, Muncie, May 1-2. NEBRASKA, Lincoln, May 8. 
Iowa, Davenport, May 1-2. Ouro, Columbus, April 2. 
Kansas, Topeka, Jan. 24. PHILADELPHIA, Philadelphia, Nov. 28. 
Kentucky, Lexington, May 9. Rocky Mountain, Boulder, Colo., April 
Natchitoches, La., 17-18. 
March 13-14. SouTHEASTERN, Auburn, Ala., April 24-25. 
MaryLanp-District oF COLUMBIA-VIRGINIA, SoUTHERN CALIForNIA, Occidental College, 
Richmond, Va., May 9. Los Angeles, March 21. 
Micuican, Ann Arbor, March 21. 
Mrinnesor, St. John’s University, College- Texas, Fort Worth, Jan. 31. 


ville, May 16. 


* AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS, 
Tue NATIONAL CounciL oF TEACHERS OF MATHEMATICS. 
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Because 


The teats listed below ace dn content and siethod 
They contain varied, interesting and illustrative problems; 

They are readily adaptable to courses of varying length and difficulty, and are highly 
teachable; 


But especially because 


We ask you to consider the adoption of 
TRIGONOMETRY | 
By A. R. Caatuorne and E. B. Lyris $1.96 


COLLEGE ALGEBRA, THIRD EDITION Pe 
By H. L. Rusrz and A. R. CRATHORNE $1.76 


A First Course in 
DIFFERENTIAL AND INTEGRAL CALCULUS 
By Warrer B. Forp $3.00 


HENRY HOLT AND COMPANY - NEW YORK 
New McGraw-Hill Books 


Garabedian and Winston’s 
PLANE TRIGONOMETRY 


Cart A, Garasevién and Jaa Winston, of the University of Cincinnati, 
i S pages, 5% x 8, illustrated, including eight full-page color charts, $2.25 


i; M. Kinney in a review in School Science and Mathematics 
‘Here is a book that commands attention because of a diction and ityle ad 
exposition that is unsurpassed among textbooks of trigonometry.” 


Smail’s COLLEGE ALGEBRA 
L. Saiz, Professor of Mathematics, Lehigh University. 450 pages, 


This nal of college algebra is unusual in that a unified presentation has. 
been secured by basing the arrangement and Claseiication of material and 
manner of treatment on the function concept. 


Thomas’s 
THE ELEMENTARY THEORY OF TENSORS © 


Tracy Yzerxss THomas, Assistant Professor of Mathematics, ‘Princeton. 
niversity. 120 pages, 6x9, tliustrated, $2.06 

Professor. Leigh Page, Yale University writes: 

“This book sinatitcaes. an excellent introduction to the theory of tension, par- 
soc ited to students who are contemplating a course on the Theory of 


McGRAW-HILL BOOK COMPANY, Tne. 


330 West 42nd. Street, New York 
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D. C. HEATH & COMPANY 


Announces to Instructors of 
Mathematics in Colleges a 
new text... 


WILLIAM L. HART'S 


BRIEF COLLEGE 
ALGEBRA 


BOSTON NEW YORK CHICAGO ATLANTA _ 
SAN FRANCISCO DALLAS LONDON 


K & E Slide Rule in College Mathematics 


a 


The Slide Rule as a check in Trigonometry is now regu- 
larly taught in colleges and high schools. Our manual 
makes self-instruction easy for teacher and student. 
Write for descriptive circular of our slide rules and for 
information about our large Demonstrating Slide Rule 
for use in the Class Room. 


KEUFFEL & ESSER CO. 


‘NEW YORK, 127 Fulton Street General ‘Offices and Factories, HOBOKEN, N.J. 
CHICAGO ST. LOUIS SAN FRANCISCO MONTREAL 
516-208. Dearborn St. 817 Locust St. 30-34 Second St. 7-9 Notte Dame Se. W. 


Drawing Materials, Mathematical and Surveying Instruments, Measuring Tapes 
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TO BE PUBLISHED IN DECEMBER 
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THEORY ALGEBRAIC 


By HARRIS HANCOCK 


PROFESSOR OF MATHEMATICS IN THE UNIVERSITY OF CINCINNATI 


A book which makes the whole subject of the theory of algebraic numbers 
more accessible, more attractive, and less difficult than ever before. — 


N this new book Professor Hancock has given us a scholarly and stimulating treatise 
written from the heuristic point of view. His purpose has been to offer an approach 
to a higher arid more generalized arithmetic through a systematic study of the algebraic 

numbers, and to show how the field of rational numbers is broadened by their introduc- 

tion. In particular he has attempted to juxtapose and harmonize Kronecker’s and Dede- 
kind's classical theories of ideal numbers and to place the work of later mathematicians 

-——such as Minkowski, Hilbert, Hansel, Hurwitz, and others—in proper relation to these 

earlier studies, 

_ While the work follows the Dedekind treatment, which is purely arithmetical, 
rather than that of Kronecker, it sets forth the ‘inal fundamental results from both 
these entirely different standpoints, in that the ideals and moduls of Dedekind are 
put in juxtaposition with the fundamental form and equations of Kronecker, the 
discriminant and order-modul being their final vantage ground. While the Dede- 
kind theory is presented in its entirety the Kronecker theory is everywhere em- 
phasized 


The author introduces preliminary notions of realms of rationality, reducibility 
in such realms, linear forms, bases, disctiminants, and so on. The theory of quadratic 
realms is given in. detail, the treatment of the integers in this realm serving as a stepping 
stone from the usual theory of rational integers to the general theory of algebraic oum- 
bers which the author. will treat in another volume. 


602 pages 12 mo. 


Publication dau December 22 


THE MACMILLAN COMPANY 


60 Fifth Avenue New York 


GEORGE BANTA PUBLISHING COMPANY, MENARHA, WISCONSIN 
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INDEX TO VOLUME XXXIX, 1932 


THE AMERICAN MATHEMATICAL MONTHLY 


By H. S. Everett anp R. G. SANGER, The University of Chicago 


PAPERS, REPORTS OF MEETINGS 


ALTSHILLER-CourtT, N. On the isodynamic 
points of four spheres, 193-199. 

ARCHIBALD, R. C. New mathematical periodi- 
cals, 185-187. 

Baten, W. D. Comparison of certain probabili- 
ties, 256-261. 

Beaver, R. A. Vanishing of deter- 
minants and their relationships, 266-276. 

BELL, E. T. A Laplacian equation, 515-517. 

BENNETT, A. A. The Lemoine center in the ge- 
ometry of the tetrahedron, 18-27. 

Some relations in the geometry of the 
triangle, 577-578 

BILINSRY, S. Cycloidal curves, 409-412. 

Burincrton, R. S. A classification of quadrics in 
affine n-space by means of arithmetic in- 
variants, 527-532. 

Cairns, S. S. The direction cosines of a p-space 
in Euclidean n-space, 518-523. 

CARMICHAEL, R. D. Some recent researches in 
the theory of numbers, 139-160. 

Denn, E. Algebraic charts, 222-226. 

wea A. On the geometry of the triangle, 

Egan, M. F. The rotation-vector in elementary 
differential geometry, 210-217. 

Esty, T. C. Vectorial treatment of certain al- 
gebraic theorems, 338-347. 

EZEKIAL, M. See Tolley, H. R. 

FRIEDMAN, W. F. and MENDELsougN, C. J. 
Notes on code words, 394-409. 

Fry, T. C. Two problems in potential theory, 
199-209. 

GANGULI, S. The Indian origin of the modern 
place-value arithmetical notation, Part I, 
251-256. 

The Indian origin of the modern place- 
ag arithmetical notation, Part II, 389- 


GREEN, H. G. and Prior, L. E. A note on the 
circular cubics regarded as the envelope of 
families of circles, 16-18. 

GriFFIN, F. L. See Toiley, H. R. 

GrossMaN, H. On the perpendiculars from a 
point on a circle to the sides of a regular 
circumscribed N-gon, 226-229. 

Hancock, H. A supplementary note (see Schaf- 
fert, R.), 192. 

Hopkins, E. M. John Wesley Young, an ap- 
preciation, 309. 

SistER Mary Corpia. The projective 
theory of orthopoles, 327-338. 

LANE, E. P. Ernest ulius Wilczynski, 567-569. 


La Paz, L. Characteristic properties of the 
Euclidean length integral, 524-527. 

Leume_r, D. H. Quasi-cyclotomic polynomials, 
383-389. 

Mathematical Association of America. Edi- 
torial policy, 314-315. Election to mem- 
bership, 1, 128-129, 315-316, 505. Sixteenth 
annual meeting, W. D. Carrns, 123-134. 
Sixteenth summer meeting, P. H. Daus, 
501-506. 

Mathematical Association of America, Sections 
of. California, March meeting, P. H. Daus, 
373-374. Illinois, May meeting, C. N. 
Mitts, 445-448. Indiana, May meeting, 
H. T. Davis, 441-445. Iowa, May 1931 
meeting, J. F. REILLY, 134-137; April 1932 
meeting, J. F. REmLy, 563-565. Kansas, 
February meeting, Lucy T. DouGHERTY, 
320-321. Kentucky, May 1931 meeting, 
A. R. Fesn, 137-139; May 1932 meeting, 
A. R. Fesn, 509-511. Louisiana-Missis- 
sippi, March 1931 meeting, I. C. NicHoLs, 
247-248; March 1932 meeting, Nora L. 
ANDERSON, 437-438. Maryland-District of 
Columbia-Virginia, May 1931 meeting, 
E. W. Woorarp, 2-5; December 1931 
meeting, P. Capron, 248-250; May 1932 
meeting, P. CAPRON, 506-509. Michigan, 
March meeting, L. A. Hopkins, 316-317. 
Minnesota, May meeting, A. L. UNDER- 
HILL, 379-383. Nebraska, May meeting, 
A. L. Hitt, 378-379. Ohio, April meeting, 
R. Crane, 374-377. Philadelphia, No- 
vember meeting, P. A. Carts, 61-62. 
Rocky Mountain, April meeting, A. J. 
Lewis, 566-567. Southeastern, March 
meeting, W. W. RANKIN, 438-441. Texas, 
as meeting, N. EpmMonpson, 318- 


MENDELSORN, C. J. See Friedman, W. F. 

Moore, C. N. Summability of series, 62-71. 

PEEK, R. L. Flow of heat in a disc heated by a 
gas stream, 276-280. 

PENNELL, W. O. Fourier series in three dimen- 
sions, 261-266. 

Pierce, T. A. The practical evaluation of re- 
sultants, 161-162. 

Prior, L. E. See Green, H. G. 

Rapé, T. On mathematical life in Hungary, 
REYNOLDS, J._B. The summation of certain 
series by Fourier expansions, 473-476. 
ScHAFFERT, R. A discussion of the general 
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